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Then even nothingness was not, nor existence,

There was no air then, nor the heavens beyond it.
What covered it? Where was it? In whose Reeping?
Was there then cosmic water, in depths unfathomed?

Then there was neither death nor immortality
nor was there then the torch of night and day.
The One breathed windlessly and self-sustaining.
There was that One then, and there was no other.

At first there was only darkness wrapped in darkness.
Allthis was only unillumined water.

That One which came to be, enclosed in nothing,
arose at last, born of the power of heat.

In the beginning desire descended on it -

that was the primal seed, born of the mind.

The sages who have searched their hearts with wisdom
know that which is kin to that which is not.

And they have stretched their cord across the void,
and Rnow what was above, and what below.
Seminal powers made fertile mighty forces.

Below was strength, and over it was impulse.

But, after all, who Rnows, and who can say
Whence it all came, and how creation happened?
the gods themselves are later than creation,

so who Rnows truly whence it has arisen?

Whence all creation had its origin,
he, whether he fashioned it or whether he did not,
he, who surveys it all from highest heaven,

he knows - or maybe even he does not know.
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Summary

In this dissertation, we present a unified framework for stability, dissipativity, and op-
timality for stochastic nonlinear control systems. First, we develop a complete theory for
stochastic semistability. Semistability is the property whereby the solutions of a stochastic
dynamical system almost surely converge to (not necessarily isolated) Lyapunov stable in
probability equilibrium points determined by the system initial conditions. Specifically, we
developed Lyapunov and converse Lyapunov theorems for stochastic semistable nonlinear
dynamical systems. In particular, we provide necessary and sufficient Lyapunov conditions
for stochastic semistability and show that stochastic semistability implies the existence of a
continuous Lyapunov function whose infinitesimal generator decreases along the dynamical
system trajectories and is such that the Lyapunov function satisfies inequalities involving

the average distance to the set of equilibria.

Next, we develop a unified framework to address the problem of optimal nonlinear analy-
sis and feedback control for nonlinear stochastic dynamical systems. Specifically, we provide
a simplified and tutorial framework for stochastic optimal control and focus on connections
between stochastic Lyapunov theory and stochastic Hamilton-Jacobi-Bellman theory. In
particular, we show that asymptotic stability in probability of the closed-loop nonlinear sys-
tem is guaranteed by means of a Lyapunov function which can clearly be seen to be the
solution to the steady-state form of the stochastic Hamilton-Jacobi-Bellman equation, and
hence, guaranteeing both stochastic stability and optimality. In addition, we develop opti-
mal feedback controllers for affine nonlinear systems using an inverse optimality framework

tailored to the stochastic stabilization problem. These results are then used to provide exten-
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sions of the nonlinear feedback controllers obtained in the literature that minimize general

polynomial and multilinear performance criteria.

Using the aforementioned optimal nonlinear analysis and feedback control framework,
we also develop a unified framework to address the problem of optimal nonlinear analysis
and feedback control for partial stability and partial-state stabilization of stochastic dy-
namical systems. Partial asymptotic stability in probability of the closed-loop nonlinear
system is guaranteed by means of a Lyapunov function that is positive definite and decres-
cent with respect to part of the system state which can clearly be seen to be the solution
to the steady-state form of the stochastic Hamilton-Jacobi-Bellman equation, and hence,
guaranteeing both partial stability in probability and optimality. The overall framework
provides the foundation for extending optimal linear-quadratic stochastic controller synthe-
sis to nonlinear-nonquadratic optimal partial-state stochastic stabilization. Connections to
optimal linear and nonlinear regulation for linear and nonlinear time-varying stochastic sys-
tems with quadratic and nonlinear-nonquadratic cost functionals are also provided. We also
develop optimal feedback controllers for affine stochastic nonlinear systems using an inverse
optimality framework tailored to the partial-state stochastic stabilization problem and use

this result to address polynomial and multilinear forms in the performance criterion.

In many practical applications, stability with respect to part of the system’s states is
often necessary with finite-time convergence to the equilibrium state of interest. Finite-
time partial stability involves dynamical systems whose part of the trajectory converges
to an equilibrium state in finite time. Using our proposed analysis and control synthesis
framework, we address finite-time partial stability in probability and uniform finite-time
partial stability in probability for nonlinear stochastic dynamical systems. Specifically, we
provide Lyapunov conditions involving a Lyapunov function that is positive definite and
decrescent with respect to part of the system state, and satisfies a differential inequality
involving fractional powers for guaranteeing finite-time partial stability in probability. In

addition,we.show.that finite-time partial stability in probability leads to uniqueness of

xii
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solutions in forward time and we establish necessary and sufficient conditions for almost
sure continuity of the settling-time operator of the nonlinear stochastic dynamical system.
Next, we develop a unified framework to address the problem of optimal nonlinear analysis
and feedback control design for finite-time partial stochastic stability and finite-time, partial-
state stochastic stabilization. Finite-time partial stability in probability of the closed-loop
nonlinear system is guaranteed by means of a Lyapunov function that is positive definite and
decrescent with respect to part of the system state and can clearly be seen to be the solution
to the steady-state form of the stochastic Hamilton-Jacobi-Bellman equation guaranteeing

both finite-time, partial-state stability and optimality.

Building on our optimal control framework, we extend our results to optimal and inverse
optimal stochastic differential games. Specifically, we consider a two-player stochastic dif-
ferential game problem over an infinite time horizon where the players invoke controller and
stopper strategies on a nonlinear stochastic differential game problem driven by Brownian
motion. The optimal strategies for the two players are given explicitly by exploiting connec-
tions between stochastic Lyapunov stability theory and stochastic Hamilton-Jacobi-Isaacs
theory. In particular, we show that asymptotic stability in probability of the differential
game problem is guaranteed by means of a Lyapunov function which can clearly be seen to
be the solution to the steady-state form of the stochastic Hamilton-Jacobi-Isaacs equation,
and hence, guaranteeing both stochastic stability and optimality of the closed-loop control
and stopper policies. In addition, we develop optimal feedback controller and stopper policies
for affine nonlinear systems using an inverse optimality framework tailored to the stochastic
differential game problem. These results are then used to provide extensions of the lin-
ear feedback controller and stopper policies obtained in the literature to nonlinear feedback
controllers and stoppers that minimize and maximize general polynomial and multilinear

performance criteria.

Finally, we develop stochastic dissipativity theory for nonlinear dynamical systems using

basic-input-output-and.state properties. Specifically, a stochastic version of dissipativity

xiii
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using both an input-output as well as a state dissipation inequality in expectation for con-
trolled Markov diffusion processes is presented. The results are then used to derive extended
Kalman—Yakubovich-Popov conditions for characterizing necessary and sufficient conditions
for stochastic dissipativity of stochastic dynamical systems using two-times continuously dif-
ferentiable storage functions. In addition, feedback interconnection stability in probability
results for stochastic dynamical systems are developed thereby providing a generalization of

the small gain and positivity theorems to stochastic systems.

Xiv
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Chapter 1

Introduction

1.1. Motivation and Goals

In the first part of this dissertation, we develop new and novel results for semistability of
stochastic dynamical systems. Semistability is the property of a dynamical system whereby
its trajectories converge to (not necessarily isolated) Lyapunov stable equilibria. Semista-
bility, rather than asymptotic stability, is the appropriate notion of stability for systems
having a continuum of equilibria. Examples of such systems arise in chemical kinetics [27],
adaptive control [18], compartmental modeling [46], thermodynamics [47] and, more recently,
collaborative control of a network of autonomous agents [53,54]. In all these examples, the
system trajectories converge to limit points that depend continuously on the system initial

conditions.

It is important to note that semistability is not merely equivalent to asymptotic stability
of the set of equilibria. Indeed, it is possible for a trajectory to converge to the set of equilibria
without converging to any one equilibrium point as examples in [18] show. Conversely,
semistability does not imply that the equilibrium set is asymptotically stable in any accepted
sense. This is because stability of sets is defined in terms of distance (especially in case of
noncompact sets), and it is possible to construct examples in which the system is semistable,
but the domain of semistability contains no e-neighborhood (defined in terms of the distance)

of the (noncompact) equilibrium set, thus ruling out asymptotic stability of the equilibrium
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set. Hence, semistability and set stability of the equilibrium set are independent notions.

For linear deterministic systems, semistability was originally defined in [25] and applied
to matrix second-order systems in [15]. References [18] and [20] extended the notion of
semistability to nonlinear deterministic systems and give Lyapunov results for semistability.
Semistability was also addressed in [53,54] for consensus protocols in nonlinear dynamical
networks, with [54] giving new Lyapunov theorems as well as the first converse Lyapunov
theorem for semistability which holds with a smooth (i.e., infinitely differentiable) Lyapunov
function. Extensions of semistability to stochastic dynamical systems has not been addressed

in the literature.

Under certain conditions nonlinear controllers offer significant advantages over linear
controllers. In particular, if the plant dynamics and/or system measurements are nonlin-
ear [12,103], the plant/measurement disturbances are either nonadditive or non-Gaussian,
the performance measure considered in nonquadratic [11,87,93,97,100], the plant model is
uncertain [9, 70, 85], or the control signals/state amplitudes are constrained [21,91], then

nonlinear controllers yield better performance than the best linear controllers.

In [14] the current status of continuous-time, nonlinear-nonquadratic optimal control
problems for deterministic dynamical systems was presented in a simplified and tutorial
manner. The basic underlying ideas of the results in [14] are based on the fact that the steady-
state solution of the Hamilton-Jacobi-Bellman equation is a Lyapunov function for the non-
linear system and thus guaranteeing both asymptotic stability and optimality [14,45]. Specif-
ically, a feedback control problem over an infinite horizon involving a nonlinear-nonquadratic
performance functional is considered. The performance functional is then evaluated in closed
form as long as the nonlinear nonquadratic cost functional considered is related in a spe-
cific way to an underlying Lyapunov function that guarantees asymptotic stability of the
nonlinear closed-loop system. This Lyapunov function is shown to be the solution of the

steady-state Hamilton-Jacobi-Bellman equation. The overall framework provides the foun-
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dation for extending linear-quadratic control to nonlinear-nonquadratic problems. In this
dissertation, we build on the results of [14,15] to develop a unified framework to address the

problem of optimal nonlinear analysis and feedback control for stochastic dynamical systems.

The notions of asymptotic and exponential stability in dynamical systems theory imply
convergence of the system trajectories to an equilibrium state over the infinite horizon. In
many applications, however, it is desirable that a dynamical system possesses the property
that trajectories that converge to a Lyapunov stable equilibrium state must do so in finite
time rather than merely asymptotically. Most of the existing control techniques for deter-
ministic dynamical systems in the literature ensure that the closed-loop system dynamics of
a controlled system are Lipschitz continuous, which implies uniqueness of system solutions
in forward and backward times. Hence, convergence to an equilibrium state is achieved over

an infinite time interval.

In order to achieve convergence in finite time for deterministic dynamical systems, the
closed-loop system dynamics need to be non-Lipschitzian giving rise to non-uniqueness of
solutions in backward time. Uniqueness of solutions in forward time, however, can be pre-
served in the case of finite-time convergence. Sufficient conditions for deterministic dynam-
ical systems that ensure uniqueness of solutions in forward time in the absence of Lipschitz
continuity are given in [1,37,65,117], whereas [105,114] give sufficient conditions that ensure
uniqueness of solutions for stochastic dynamical systems in forward time in the absence of
a uniform Lipschitz continuity and a growth restriction condition on the system drift and
diffusion functions. In addition, it is shown in [105,114] that uniqueness of solutions in for-
ward time along with continuity of the system dynamics ensure that the system solutions are
sample continuous (i.e., almost surely continuous) functions of the system initial conditions

even when the dynamics are not Lipschitz continuous.

Finite-time convergence to a Lyapunov stable equilibrium, that is, finite-time stability,

was first addressed by Roxin [89] and rigorously studied in [17,19] for time-invariant deter-
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ministic systems using continuous Lyapunov functions. Extensions of finite-time stability
to time-varying nonlinear dynamical systems are presented in [49, 81|, whereas extensions
of finite-time stability to stochastic dynamical systems are reported in [29,116]. Another
important stability notion in many engineering applications is partial stability, that is, sta-
bility with respect to part of the system’s states. In particular, partial stability arises in the
study of electromagnetics [120], inertial navigation systems [98], spacecraft stabilization via
gimballed gyroscopes and/or flywheels [102], combustion systems [7], vibrations in rotating
machinery [72], and biocenology [88], to cite but a few examples. As noted above, the need
to consider partial stability in the aforementioned systems arises from the fact that stability
notions involve equilibrium coordinates as well as a hyperplane of coordinates that is closed
but not compact. Hence, partial stability involves motion lying in a subspace instead of
an equilibrium point. Extensions of partial stability in probability to stochastic dynamical

systems are addressed in [55,71,96].

For deterministic dynamical systems, finite-time stabilization, that is, the problem of
finding state-feedback control laws that guarantee finite-time stability of the closed-loop sys-
tem, as well as the problem of partial-state stabilization, wherein stabilization with respect
to a subset of the system state variables is desired has been considered in the literature. In
particular, finite-time stabilization of second-order systems was considered in [16,50]. More
recently, researchers have considered finite-time stabilization of higher-order systems [51]
as well as finite-time stabilization using output feedback [52]. Design of globally strongly
stabilizing continuous controllers for linear and nonlinear systems using the theory of homo-

geneous systems was studied in [19, 86].

Optimal control for finite-time stabilization is addressed in [48], whereas the universal
controller given by Sontag [99] is extended in [80] to design a feedback controller for finite-
time stabilization. Alternatively, discontinuous finite-time stabilizing feedback controllers
have also been developed in the literature [44,90,92]. However, for practical implementa-

tions..discontinuous.feedback controllers can lead to chattering due to system uncertainty
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or measurement noise, and hence, may excite unmodeled high-frequency system dynam-
ics. Finally, the problems of partial-state stabilization as well as the combined finite-time,
partial-state stabilization problem for deterministic dynamical systems have also been ad-
dressed in the literature [69,72,102]. The problems of finite-time stochastic stabilization,
optimal finite-time stochastic stabilization, optimal partial-state stochastic stabilization, as
well as the combined probelm of optimal finite-time, partial-state stochastic stabilization have

not been addressed in the literature.

A closely related problem to optimal control is the optimal differential game problem.
Differential games have been studied in various contexts in the literature including risk-
sensitive control [38], mathematical finance [23,26], communication networks [10], and net-
work resource allocation [61]. The pioneering work on the subject involved a determinis-
tic two-player, zero-sum differential game problem whose solution is characterized by the
Hamilton-Jacobi-Isaacs equation [36,43,56]. Building on this work, [40] were the first to
extend the two-player, zero-sum differential game problem to a stochastic setting and prove
that the lower and the upper value functions of this game satisfy the dynamic programming
principle. Specifically, they showed that the lower and the upper value functions of this
game are the unique viscosity solutions of the associated stochastic Hamilton-Jacobi-Isaacs
equation. Furthermore, they showed that these solutions coincide under the Isaacs minimax
condition. In [39], the authors extend the results of [40] by relaxing the minimax Isaacs
condition and considering a saddle point property that generates approximately optimal
control strategies for the maximizing and minimizing players. In particular, even though
both players choose specific strategies, in the upper game characterized by the upper value
function the strategies chosen by the minimizer are restricted to a subclass of Elliott-Kalton

strategies [40].

Many physical and engineering systems are open systems, that is, the system behavior
is described by an evolution law that involves the system state and the system input with,

possibly..an output-equation. wherein past trajectories together with the knowledge of any
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inputs define future trajectories (uniquely or nonuniquely) and the system output depends
on the instantaneous (present) values of the system state. Dissipativity theory is a system-
theoretic concept that provides a powerful framework for the analysis and control design of
open dynamical systems based on generalized system energy considerations. In particular,
dissipativity theory exploits the notion that numerous physical dynamical systems have
certain input-output and state properties related to conservation, dissipation, and transport

of mass and energy.

Such conservation laws are prevalent in dynamical systems, in general, and feedback
control systems, in particular. The dissipation hypothesis on dynamical systems results in
a fundamental constraint on the system dynamical behavior, wherein the stored energy of
a dissipative dynamical system is at most equal to sum of the initial energy stored in the
system and the total externally supplied energy to the system. Thus, the energy that can be
extracted from the system through its input-output ports is less than or equal to the initial
energy stored in the system, and hence, there can be no internal creation of energy; only

conservation or dissipation of energy is possible.

The key foundation in developing dissipativity theory for deterministic nonlinear dy-
namical systems with continuously differentiable flows was presented by Willems [107, 108]
in his seminal two-part paper on dissipative dynamical systems. In particular, Willems [107]
introduced the definition of dissipativity for general nonlinear dynamical systems in terms
of a dissipation inequality involving a generalized system power input, or supply rate, and a
generalized energy function, or storage function. The dissipation inequality implies that the
increase in generalized system energy over a given time interval cannot exceed the general-
ized energy supply delivered to the system during this time interval. The set of all possible
system storage functions is convex and every system storage function is bounded from below

by the available system storage and bounded from above by the required energy supply.

In light of the fact that energy notions involving conservation, dissipation, and transport
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also arise naturally for dissipative diffusion processes, it seems natural that dissipativity the-
ory can play a key role in the analysis and control design of stochastic dynamical systems.
Specifically, as in the analysis of deterministic dynamical systems, dissipativity theory for
stochastic dynamical systems can involve conditions on drift and diffusion system parameters
that render an input, state, and output system dissipative. In addition, robust stability for
stochastic dynamical systems with stochastic uncertainty can be analyzed by viewing the
uncertain stochastic dynamical system as an interconnection of stochastic dissipative dynam-
ical subsystems. Alternatively, stochastic dissipativity theory can be used to design feedback
controllers that add dissipation and guarantee stability robustness in probability allowing
stochastic stabilization to be understood in physical terms. As for deterministic dynami-
cal systems [45], stochastic dissipativity theory can play a fundamental role in addressing
stochastic robustness [112], risk-sensitive disturbance rejection [77], stability in probabil-
ity of feedback interconnections, and optimality with averaged performance measurers for

stochastic dynamical systems.

Even though several notions of stochastic dissipativity have been considered in the litera-
ture [22,101,112,118], a general theory of stochastic dissipativity and stochastic losslessness
involving connections between input-output and state properties, which include the notable
special cases of stochastic passivity and stochastic finite-gain nonexpansivity using extended
Kalman-Yakubovich-Popov conditions in terms of the drift and diffusion terms in the sys-

tem dynamics, and stability in probability of general feedback interconnections has not been

addressed.

1.2. Brief Outline of the Dissertation

In this dissertation, we develop stochastic extensions for each of the aforementioned
topics. Specifically, in Chapter 2, we develop Lyapunov and converse Lyapunov theorems

for stochastic semistable nonlinear dynamical systems. In Chapter 3, we develop a unified

www.manaraa.com



framework to address the problem of optimal nonlinear analysis and feedback control for
nonlinear stochastic dynamical systems. Specifically, we provide a simplified and tutorial
framework for stochastic optimal control and focus on connections between stochastic Lya-
punov theory and stochastic Hamilton-Jacobi-Bellman theory. In Chapter 4, we develop a
unified framework to address the problem of optimal nonlinear analysis and feedback control
for partial stability and partial-state stabilization of stochastic dynamical systems. Par-
tial asymptotic stability in probability of the closed-loop nonlinear system is guaranteed by
means of a Lyapunov function that is positive definite and decrescent with respect to part
of the system state which can clearly be seen to be the solution to the steady-state form
of the stochastic Hamilton-Jacobi-Bellman equation, and hence, guaranteeing both partial

stability in probability and optimality.

In Chapter 5, we address finite-time partial stability in probability and uniform finite-
time partial stability in probability for nonlinear stochastic dynamical systems. Specifically,
we provide Lyapunov conditions involving a Lyapunov function that is positive definite and
decrescent with respect to part of the system state, and satisfies a differential inequality
involving fractional powers for guaranteeing finite-time partial stability in probability. In
Chapter 6, we consider a two-player stochastic differential game problem over an infinite time
horizon where the players invoke controller and stopper strategies on a nonlinear stochastic
differential game problem driven by Brownian motion. The optimal strategies for the two
players are given explicitly by exploiting connections between stochastic Lyapunov stability
theory and stochastic Hamilton-Jacobi-Isaacs theory. In Chapter 7, we develop stochastic
dissipativity theory for nonlinear dynamical systems using basic input-output and state prop-
erties. Specifically, a stochastic version of dissipativity using both an input-output as well
as a state dissipation inequality in expectation for controlled Markov diffusion processes is
presented. Finally, in Chapter 8, we give conclusions and discuss potential future extensions

of the developed research.
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Chapter 2

Lyapunov and Converse Lyapunov Theorems
for Stochastic Semistability

2.1. Introduction

Using a notion of stochastic semistability, almost sure consensus of multiagent systems
under distributed nonlinear protocols over random networks, wherein the evolution of each
link of the random network follows a Markov process, is addressed in [119]. In this chapter,
we extend the notion of semistability to nonlinear stochastic systems that have a continuum
of equilibrium solutions. In particular, we develop almost sure convergence and stochastic
Lyapunov stability properties to address almost sure semistability requiring the trajectories
of a nonlinear stochastic dynamical system to converge almost surely to a set of equilibrium
solutions, wherein every equilibrium solution in the set is almost surely Lyapunov stable.
Furthermore, we provide necessary and sufficient Lyapunov conditions for semistability and
show that semistability implies the existence of a continuous Lyapunov function whose in-
finitesimal generator decreases along the dynamical system trajectories and is such that the

Lyapunov function satisfies inequalities involving the average distance to the set of equilibria.
2.2. Notation, Definitions, and Mathematical Preliminaries
In this section, we establish notation, definitions, and develop mathematical preliminaries

necessary for developing the results in this dissertation. Specifically, R denotes the set of
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real numbers, R, denotes the set of positive real numbers, R, denotes the set of nonnegative
numbers, Z, denotes the set of positive integers, R™ denotes the set of n x 1 real column
vectors, R™™ denotes the set of n x m real matrices, N denotes the set of n xn nonnegative-
definite matrices, and P" denotes the set of n x n positive-definite matrices. We write B.(z)
for the open ball centered at x with radius e, || - || for the Euclidean vector norm, || - ||¢ for
the Frobenious matrix norm, AT for the transpose of the matrix A, ® for the Kronecker
product, @ for the Kronecker sum, and [I,, or I for the n x n identity matrix. Furthermore,
B" denotes the g-algebra of Borel sets in D C R™ and & denotes a o-algebra generated on

aset S CR"™

We define a complete probability space as (2, F,P), where Q2 denotes the sample space,
F denotes a g-algebra, and P defines a probability measure on the o-algebra F; that is, P is
a nonnegative countably additive set function on F such that P(2) = 1 [6]. Furthermore, we
assume that w(-) is a standard d-dimensional Wiener process defined by (w(-), 2, F,P*0),
where P is the classical Wiener measure [83, p. 10|, with a continuous-time filtration
{Fi}+>0 generated by the Wiener process w(t) up to time t. We denote a stochastic dynamical
system by G generating a filtration {F; }:>¢ adapted to the stochastic process z : R.xQ—=D
on (2, F,P%) satisfying F, C F;, 0 < 7 < t, such that {w € Q : z(t,w) € B} € F, t >0,
for all Borel sets B C R™ contained in the Borel o-algebra 8". Here we use the notation

x(t) to represent the stochastic process z(t,w) omitting its dependence on w.

We denote the set of equivalence classes of measurable, integrable, and square-integrable
R™ or R™™ (depending on context) valued random processes on (2, F,P) over the semi-
infinite parameter space [0,00) by £°(Q2, F,P), £LY(Q, F,P), and L£L*(Q, F,P), respectively,
where the equivalence relation is the one induced by P-almost-sure equality. In particular,
elements of £°(, F,P) take finite values P-almost surely (a.s.). Hence, depending on the
context, R™ will denote either the set of n x 1 real variables or the subspace of £L°(Q, F,P)
comprising of R™ random processes that are constant almost surely. All inequalities and

equalities involving random. processes on (€2, F,[P) are to be understood to hold P-almost

10
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surely. Furthermore, E[ - | and E*°[ - | denote, respectively, the expectation with respect to

the probability measure P and with respect to the classical Wiener measure P*°.

Given z € L°(Q, F,P), {x = 0} denotes the set {w € Q : z(t,w) = 0}, and so on. Given
z € L%Q, F,P) and £ € F, we say x is nonzero on & if P({x = 0} N E) = 0. Furthermore,
given z € LY(Q,F,P) and a o-algebra & C F, EF[z] and EF[z|€] denote, respectively, the
expectation of the random variable x and the conditional expectation of x given &, with all
moments taken under the measure P. Here, for simplicity of exposition, we omit the symbol
P in denoting expectation, and similarly for conditional expectation. Specifically, we denote
the expectation with respect to the probability space (2, F,P) by E[ - |, and similarly for

conditional expectation.

A stochastic process z : R; x @ — D on (Q, F,P*) is called a martingale with respect
to the filtration {F;}+>o if and only if z(¢) is a Fy-measurable random vector for all ¢ > 0,
E[z(t)] < oo, and z(7) = E[z(t)|F;] for all t > 7 > 0. If we replace the equality in the above
equation with “<” (resp., “>"), then x(-) is a supermartingale (resp., submartingale). A
random variable 7 :  — [0, 00] is called a stopping time with respect to F; if and only if
{fweQ:r(w) <t}e F,t>0.

A 9V(z)
- oz

Finally, we write tr(-) for the trace operator, (-)~! for the inverse operator, V'(z)

for the Fréchet derivative of V at x, V" (x) £ 82‘;2@ for the Hessian of V' at z, and H,, for

the Hilbert space of random vectors # € R™ with finite average power, that is, H, = {z :
Q — R” : E[z"2] < co}. For an open set D C R”, HP = {z € H, : = : Q — D} denotes
the set of all the random vectors in #,, induced by D. Similarly, for every z, € R", H7° =

{v € H, : 2 20}. Furthermore, C? denotes the space of real-valued functions V : D — R

that are two-times continuously differentiable with respect to x € D C R".

Definition 2.1 [63]. Let (S, &) and (T, ) be measurable spaces, and let p1 : SxT — R,
If the function u(s, B) is G-measurable in s € S for a fixed B € T and pu(s, B) is a probability

measure in B € T for a fixed s € S, then p is called a (probability) kernel from S to T.

11
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Furthermore, for s < ¢, the function i, : Sx& — Ris called a regular conditional probability

measure if ji5,(-, &) is measurable, us (95, -) is a probability measure, and fi5.(, -) satisfies

psi(z(s), B) = P(x(t) € Blz(s)) = P(x(t) € B|.Fs) as., x(:) € Hy. (2.1)

Any family of regular conditional probability measures { s, }s<: satisfying the Chapman-
Kolmogorov equation [6] is called a semigroup of Markov kernels. The Markov kernels are

called time homogeneous if and only if ps,; = p194—s holds for all s <t.

Consider the nonlinear stochastic dynamical system G given by
dao(t) = f(z(t))dt + D(x(t))dw(t), z(0) % xo, t € Iy, (2.2)

where, for every t € Z,,, z(t) € HY is a Fi-measurable random state vector, x(0) € HZ, D C
R™ is an open set with 0 € D, w(-) is a d-dimensional independent standard Wiener process
(i.e., Brownian motion) defined on a complete filtered probability space (2, F, {F:}i>0, P),
2(0) is independent of (w(t) — w(0)),t >0, f: D — R" and D : D — R"*¢ are continuous,
E£ fH0)NDY0) £ {x € D: f(z) =0 and D(z) = 0} is nonempty, and Z, (o) = [0, Tu(0)),
0 < Ty0) < 00, is the maximal interval of existence for the solution z(-) of (2.2). An
equilibrium point of (2.2) is a point z, € R™ such that f(z.) = 0 and D(z,) = 0. It is
easy to see that x. is an equilibrium point of (2.2) if and only if the constant stochastic

process z(+) = z, is a solution of (2.2). We denote the set of equilibrium points of (2.2) by
E2{weN: z(t,w) =2} ={x. €D: f(x.) = 0 and D(z.) = 0}.

The filtered probability space (2, F, {F; }i>0, P) is clearly a real vector space with addition
and scalar multiplication defined componentwise and pointwise. A R"-valued stochastic
process z : [0,7] x Q@ — D is said to be a solution of (2.2) on the time interval [0, 7] with
initial condition z(0) = x¢ if x(-) is progressively measurable (i.e., z(-) is nonanticipating
and measurable in ¢ and w) with respect to the filtration {F;}i>o, f € LY(Q,F,P), D €
L£2(Q, F,P), and

:E(t)::v0+/0 f(x(a))daJr/o D(z(o))dw(o) as., te€][0,7], (2.3)

12
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where the integrals in (2.3) are [t0 integrals.

Note that for each fixed ¢t > 0, the random variable w — x(¢,w) assigns a vector z(w) to
every outcome w € € of an experiment, and for each fixed w € Q, the mapping ¢t — x(t,w)
is the sample path of the stochastic process x(t), t > 0. A pathwise solution ¢ — x(t)
of (2.2) in (Q, {Fi}i>0,P™) is said to be right mazimally defined if = cannot be extended
(either uniquely or nonuniquely) forward in time. We assume that all right maximal pathwise
solutions to (2.2) in (2, {F;}i>0, P™) exist on [0, 00), and hence, we assume (2.2) is forward
complete. Sufficient conditions for forward completeness or global solutions of (2.2) are given

in [76].

Furthermore, we assume that f : D — R™ and D : D — R™? satisfy the uniform

Lipschitz continuity condition

1 (x) = FWIl + [1D(x) = D)lle < Lllz —yll, x,y € D\{0}, (2.4)

and the growth restriction condition
Lf@)* + 1 D@)]g < L2+ [|2]*), 2 € D\{0}, (2.5)

for some Lipschitz constant L > 0, and hence, since x(0) € H? and x(0) is independent of
(w(t) — w(0)),t > 0, it follows that there exists a unique solution x € £*(Q, F,P) of (2.2)
forward in time for all initial conditions in the following sense. For every x € HP\{0} there
exists 7, > 0 such that, if z; : [0,71] x Q@ — D and x5 : [0, 2] X Q@ — D are two solutions
of (2.2); that is, if 21,29 € £L2(Q, F,P), with continuous sample paths almost surely, solve

(2.2), then 7, < min{r, 7} and P(21(t) = 22(t), 0 <t < 7)) = 1.

A weaker sufficient condition for the existence of a unique solution to (2.2) using a notion
of (finite or infinite) escape time under the local Lipschitz continuity condition (2.4) without
the growth condition (2.5) is given in [113]. Moreover, the unique solution determines a R"-

valued, time-homogeneous Feller continuous Markov process z(-), and hence, its stationary

13
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Feller transition probability function is given by ([67, Thm. 3.4], [6, Thm. 9.2.8])
P(x(t) € Bla(ty) 2 x0) = P(0, wo,t — to, B), 1z € R", (2.6)

for all ¢ > ¢y and all Borel subsets B of R", where P(0, z,t,8),t > o, denotes the probability
of transition of the point x € R at time instant s into the set B C R™ at time instant
t. Recall that every continuous process with Feller transition probability function is also
a strong Markov process [67, p. 101]. Finally, we say that the dynamical system (2.2) is
convergent in probability with respect to the closed set HPe C HP if and only if the pointwise

limy o s(t, z) exists for every x € HPe.

Definition 2.2. A point p € D is a limit point of the trajectory s(-,x) of (2.2) if there
exists a monotonic sequence {t,}>°, of positive numbers, with ¢, — oo as n — oo , such
that s(t,, ) “3 p as n — co. The set of all limit points of s(¢,z),t > 0, is the limit set w(z)

of s(-,z) of (2.2).

Definition 2.3 [83, Def. 7.7]. Let z(-) be a time-homogeneous Markov process in HP
and let V : D — R. Then the infinitesimal generator L of x(t), t > 0, with 2(0) = xq, is

defined by

LV (20) 2 lim t 20 2, eD, (2.7)

A

where E™ denotes the expectation with respect to the probability measure P*(z(t) € B)
]P)(O, Zo, t, B)

If V € C? and has a compact support, and z(t), t > 0, satisfies (2.2), then the limit in
(2.7) exists for all z € D and the infinitesimal generator £ of z(t), ¢t > 0, can be characterized

by the system drift and diffusion functions f(x) and D(x) defining the stochastic dynamical
system (2.2) and is given by ([83, Thm. 7.9])

0?V ()

0x?

s oV (x) 1

- f(w) + St D (a)

LV (x) i

D(z), z€D. (2.8)
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Definition 2.4 [75]. An open set D C R" is said to be invariant with respect to (2.2) if,
for all zy € D, P (z(t) € D) =1,t > 0.

The following definition introduces several notions of stability in probability.

I

.S.

Definition 2.5 [67,75]. i) The equilibrium solution z(t) = . to

(2.2) is Lyapunov stable
wn probability if, for every ¢ > 0,

lim P (sup |z(t) — xe|| > 5) = 0.
TO—Te t>0

Equivalently, the equilibrium solution z(t)

(2.9)

I

.S.

= 1z, to (2.2) is Lyapunov stable in probability
if, for every ¢ > 0 and p € (0, 1), there exist § = §(p, ) > 0 such that, for all zy € Bs(x.),

po (sup la(t) = zul] > ) <p.
>0

i) The equilibrium solution z(t) = z, to
is Lyapunov stable in probability and

(2.10)

(2.2) is asymptotically stable in probability if it

lim P*o

To—Te (tllglo ||fL'(t) B $e|| - 0) =1

(2.11)
Equivalently, the equilibrium solution z(t) =

T to (2.2) is asymptotically stable in proba-
bility if it is Lyapunov stable in probability and, for every p € (0, 1), there exist 6 = §(p) > 0
such that if xy € Bs(x,), then

o 13 _ — _
P (g& (£) — || 0)21 p. (2.12)

i71) The equilibrium solution z(t) = x, to (2.2) is globally asymptotically stable in prob-
ability if it is Lyapunov stable in probability and, for all zq € R™,

L0 3 — —
P (g& |z(8)] = o) ~1. (2.13)
i) The equilibrium solution z(t) = z. to (2.2) is exponentially p-stable in probability if
there exist scalars «, 8, and 6 > 0, and p > 1 such that if 2y € Bs(z.), then

E™ [la(®)]7] < ollao|"e™.

(2.14)
15
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®

.S.
= 1z, to
(2.2) is globally exponentially p-stable in probability. Finally, if p = 2, then we say that

the equilibrium solution z(t) =

If, in addition, (2.14) holds for all zp € R™, then the equilibrium solution x(t)

"1 t0 (2.2) is (globally) exponentially mean square stable in
probability.

The following lemma gives an equivalent characterization of Lyapunov and asymptotic

stability in probability in terms of class K, K, and KL functions. For the definitions of
class IC, Ko, and KL functions see [45, p.162].

»

.S.

Lemma 2.1. i) The equilibrium solution z(t) = . to (2.2) is Lyapunov stable in prob-
ability if and only if for every p > 0 there exist a class K function a,(-) and a constant
¢ = c(p) > 0 such that, for all zy € B.(z.),

PP (lo(t) — el > ap(llzo — zell)) < p, £ =0. (2.15)

i) The equilibrium solution z(t) = z. to (2.2) is asymptotically stable in probability if

and only if for every p > 0 there exist a class L function 3,(-, ) and a constant ¢ = ¢(p) > 0
such that, for all zy € B.(z.),

P2 (l(t) = 2ell > Bolllwo — zell, ) < p, >0 (2.16)

Proof. i) Suppose there exist a class IC function a,(-) and a constant ¢ = ¢(p) > 0 such
that, for every p > 0 and zg € B.(z.),

PP (lo(t) — el > ap(llzo — zell)) < p, £ =0. (2.17)

Now, given € > 0, let §(p, ) = min{c(p), o, " (¢)}. Then, for zy € Bs(z.) and t > 0,

P2 () = well > cp(llzo = well)) = P ([J(t) — wel| > p(8))

> P (||e(t) = zel| > ap(0;(2)))

> PP ([Ja(t) — zell > ).
16
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Therefore, for every given € > 0 and p > 0, there exists § > 0 such that, for all zq € Bs(x.),

pes (sup () — 2 > ) <
t>0

which proves that the equilibrium solution x(t) = 2 is Lyapunov stable in probability.

Conversely, for every given € and p, let §(¢, p) be the supremum of all admissible 6(e, p).
Note that the function d(-,-) is positive and nondecreasing in its first argument, but not
necessarily continuous. For every p > 0 chose a class K function 7,(r) such that ~,(r) <
kd(r,p), 0 < k < 1. Let ¢(p) = lim, 0 7,(r) and a,(r) = 7, (r), and note that o, (-) is class
K [66, Lemma 4.2]. Next, for every p > 0 and zg € Be,)(z.), let € = a,(||zo — @||). Then,
|20 — ze|| < 0(e, p) and

po (sup le(t) — ]| > ) <y (2.13)
>0
implies

P2 () = zell > ap(llzo = ze[l)) < p; £ 20 (2.19)

i1) Suppose there exists a class KL function §(r, s) such that (2.16) is satisfied. Then,

PP () = zell > By(llwo — 2ell,0)) < p, ¢ 20,

a.s.

which implies that equilibrium solution z(¢) = x. is Lyapunov stable in probability. More-

over, for zg € Be(,)(z.), the solution to (2.2) satisfies

B (la(t) — el > Byl ) < p. 2 0.

Now, letting t — oo yields P* (lim;oo ||2(t) — || > 0) < p for every p > 0, and hence,

o

.S.

P70 (limy o0 ||2(t) — 20|l = 0) > 1 — p, which implies that the equilibrium solution z(t) = x,
is asymptotically stable in probability.

Conversely, suppose that the equilibrium solution x(t) = Ze is asymptotically stable in

probability. In this case, for every p > 0 there exist a constant ¢(p) > 0 and a class K

function a,(-) such that, for every r € (0, ¢(p)], the solution z(t), ¢t > 0, to (2.2) satisfies

P (sup Ja(t) — ] > 0] < P (sup o) — ll > ayllea —2l)) < (220
t> t>
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for all ||zg — ze|| < r. Moreover, given > 0 there exists T' = T,(n,r) > 0 such that

pro ( sup ||(t) — x| > 77) <p.

t2Tp(n,r)
Let T,(n,r) be the infimum of all admissible 7,(n, ) and note that T,(n,r) is nonnegative

and nonincreasing in 7, nondecreasing in r, and T,(n,r) = 0 for all n > a(r). Now, let

2 [M_ r = T
Ww,(n) = E . Tp(S,T)dS + E > Tp(n,r) + E

2

and note that W, ,(n) is positive and has the following properties: i) For every fixed r and
p, W, ,(n) is continuous, strictly decreasing, and lim, .., W, ,(n) = 0; and 4i) for every fixed

n and p, W, ,(n) is strictly increasing in 7.

Next, let U,, = W,,jpl and note that U, , satisfies properties ¢) and ) of W, ,, and

T,(U,,p(0),r) < W, ,(U,,(0)) = 0. Therefore,
PP ([lo(t) — x|l > Upp(t) < p, t>0, (2.21)

for all ||zg — xe|| < 7. Now, using (2.20) and (2.21) it follows that

Pro (Ha:(t) - er > \/ap(HxO - er)UC(p)m(t)) <p ||x0 - xe” <c(p), t=0.

Thus, inequality (2.16) is satisfied with 8,(||zo — ze|[, ) = \/a,([|zo — e ) Uc(p) o (t)- O

The following proposition gives a sufficient condition for a trajectory of (2.2) to converge
to a limit point. For this result, D. C D denotes a positively invariant set with respect to
(2.2) and s,(HP*) denotes the image of HP< C HP under the flow s, : HP< — HP; that is,

si(HPe) = {y : y = s,(x0) for some z(0) = o € HP<} .

Proposition 2.1. Consider the nonlinear stochastic dynamical system (2.2) and let = €
HPe. If the limit set w(z) of (2.2) contains a Lyapunov stable in probability equilibrium

point y, then y %= limy_,o 5(t,7) as x — y, that is, w(z) = {y} as = — y.

Proof. Suppose y € w(z) is Lyapunov stable in probability and let N. C D, be an

open-neighborhood of 4=Since y is Lyapunov stable in probability, there exists an open
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neighborhood N C D, of y such that s,(H\*) C HN= as x — y for every ¢ > 0. Now, since
y € w(z), it follows that there exists 7 > 0 such that s(7,z) € H\°. Hence, s(t + 7,2) =
si(s(7,x)) € s,(HNo) C HNe for every t > 0. Since N. C D, is arbitrary, it follows that
Y = limy_eo (¢, x). Thus, lim, o s(tn, 2) = y as 2 — y for every sequence {t,}°°,, and

hence, w(z) = {y} as z — . O

The following definition introduces the notion of stochastic semistability. For the state-

ment of this definition define dist(z,£) £ inf,ce |7 — y].

a.s.

Definition 2.6. An equilibrium solution z(t) = z. € £ of (2.2) is stochastically semistable

if the following statements hold.

i) For every & > 0, limgy—q, P™ (Supg<ieos |2() — ze|| > €) = 0. Equivalently, for every
e > 0 and p € (0,1), there exist 6 = d(e,p) > 0 such that, for all zy € Bs(z.),

P (SUPp<; oo [[2(E) — 2| > €) < p.

i1) liMgist(z,6)—0 P70 (im0 dist(z(2),£) = 0) = 1. Equivalently, for every p > 0, there
exist 0 = d(p) > 0 such that if dist(zq, &) < 0, then P (lim;_,., dist(z(t),E) = 0) >

1—p.

The dynamical system (2.2) is stochastically semistable if every equilibrium solution of (2.2)
is stochastically semistable. Finally, the dynamical system (2.2) is globally stochastically

semistable if 1) holds and P*° (limy_, dist(z(t),€) = 0) = 1 for all zy € R".

a.s.

Remark 2.1. If z(t) = z. € £ only satisfies i) in Definition 2.6, then the equilibrium

a.s.

solution x(t) = z, € £ of (2.2) is Lyapunov stable in probability.

Definition 2.7. For p € (0,1), the p-domain of semistability is the set of points z¢ € D
such that if x(t), t > 0, is a solution to (2.2) with x(0) = zy, then x(t) converges to a
Lyapunov stable in probability equilibrium point in D with probability greater than or equal

to 1l —p.
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Note that if (2.2) is stochastically semistable, then its p-domain of semistability contains
the set of equilibria in its interior. Next, we present alternative equivalent characterizations

for stochastic semistability of (2.2).

Proposition 2.2. Consider the nonlinear stochastic dynamical system G given by (2.2).
Then the following statements are equivalent:

i) G is stochastically semistable.

it) For every z. € £ and p > 0, there exist class I and £ functions a,(-) and 5,(),

respectively, and § = 0(z., p) > 0 such that, if zq € Bs(z.), then
P ([|(t) = el > ap(llzo — zel])) < p, =0
and P (dist(z(t), &) > B,(t)) < p, t > 0.

i17) For every z, € £ and p > 0, there exist class K functions a,(-) and as,(-), a class £

function B,(-), and 0 = §(xe, p) > 0 such that, if g € Bs(x.), then

P (dist(2(t),E) > az,([|lzo — we))Bo(1))

< PP (np([J2(t) = well) > agpllzo = well)) < p, ¢ >0,

Proof. To show that i) implies i), suppose (2.2) is stochastically semistable and let
ze € E. Tt follows from Lemma 2.1 that for every p > 0 there exists § = 0(ze, p) > 0 and a

class KC function a,(-) such that if ||zg— || < 6, then P (||x(t) — ze|| > o, (]|zo — zel|)) < p,

t > 0. Without loss of generality, we may assume that § is such that Bs(z.) is contained in
the p-domain of semistability of (2.2). Hence, for every xq € Bs(w.), limy_,oo 2(t) = 2* € &

and, consequently, P* (lim;_,, dist(z(¢),€) = 0) = 1.

For every ¢ > 0, p > 0, and ¢ € Bjs(z.), define T, (g, p) to be the infimum of 7" with the

property that P (sup, dist(z(¢), ) > €) < p, that is,

T, (¢, p) = inf {T : o (sup dist(z(t), &) > 5) < p}.

t>T
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For each zy € Bs(z.) and p, the function 7y, (¢, p) is nonnegative and nonincreasing in ¢, and

T.,(g,p) = 0 for sufficiently large e.

Next, let T'(g, p) £ sup{Ty, (€, p) : 2o € Bs(z.)}. We claim that T is well defined. To show
this, consider € > 0, p > 0, and z € Bs(x.). Since P <Supt2Tzo(a,p) dist(z(t), &) > 5> < p,
it follows from the sample continuity of s that, for every ¢ > 0 and p > 0, there exists
an open neighborhood U of xy such that P (SUPtsz(s,p) dist(s(t,2), &) > ¢) < p for every
z € U. Hence, lim sup,_,, T.(c,p) < Tyy(e, p) implying that the function z¢ +— T, (e, p)
is upper semicontinuous at the arbitrarily chosen point zy, and hence on m. Since an
upper semicontinuous function defined on a compact set achieves its supremum, it follows
that T'(e, p) is well defined. The function 7'(-) is the pointwise supremum of a collection
of nonnegative and nonincreasing functions, and hence is nonnegative and nonincreasing.

Moreover, T'(e, p) = 0 for every € > max{a,(||zo — %.||) : o € Bs(xe)}-

Let 1,(c) £ 2 ;/2 T(o,p)do+1 > T(e, p)+ <. The function 1, () is positive, continuous,
strictly decreasing, and 1,(¢) — 0 as ¢ — oo. Choose S,(-) = ¥~ *(-). Then S,(-) is
positive, continuous, strictly decreasing, and lim,_,o, 5,(0) = 0. Furthermore, T'(5,(c), p) <

Y,(B,(0)) = 0. Hence, P* (dist(z(t), &) > B,(t)) < p, t > 0.

Next, to show that 47) implies #i7), suppose i) holds and let z, € £. Then it follows from
i) of Lemma 2.1 that x. is Lyapunov stable in probability. For every p > 0, choosing z;
sufficiently close to ., it follows from the inequality P (|| (t) — xe|| > a,(||zo — ze||)) < p,
t > 0, that trajectories of (2.2) starting sufficiently close to z, are bounded, and hence,
the positive limit set of (2.2) is nonempty. Since P* (limy;_, dist(z(¢),€) =0) = 1 as
dist(xg, &) — 0, it follows that the positive limit set is contained in & as dist(z(,&) — 0.
Now, since every point in £ is Lyapunov stable in probability, it follows from Proposition 2.1

a.s.

that limy . (1) x* as xg — x*, where x* € £ is Lyapunov stable in probability. If

*

r* = x,, then it follows using similar arguments as above that there exists a class £ func-

tion 3,(-) such that P% (dist(x(t), £) > Bp(t)) < poo (Hm(t) — || > Bp(t)) < p for every
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satisfying ||xg — z.|| < 6 and ¢ > 0. Hence, P*0 (dist(x(t),g) >/ ||x(t) — er\/ﬂAp(t)) < p,

t > 0. Next, consider the case where 2* # ., and let «ay,(-) be a class K function. In
this case, note that P* (limy_,o dist(z(t), ) /a1, (||x(t) — ze||) =0) > 1 — p, and hence, it
follows using similar arguments as above that there exists a class £ function §,(-) such that
Pro(dist(z(t),E) > a1, (||z(t) — ze||)B,(t)) < p, t > 0. Finally, note that oy, o a, is of class

K (by [66, Lemma 4.2]), and hence, iii) follows immediately.

Finally, to show that i7) implies 7), suppose i7i) holds and let x, € £. Then it follows that
for every p > 0, P™ (o, (||z(t) — ze||) > agp(]|z(0) — zel|)) < p, t > 0, that is, P™[||z(t) —
Tol| > a,(||z(0) — z]])] < p, where ¢ > 0 and o, = a3, ! 0 ay, is of class K (by [66,
Lemma 4.2]). It now follows from i) of Lemma 2.1 that z, is Lyapunov stable in probability.
Since z, was chosen arbitrarily, it follows that every equilibrium point is Lyapunov stable
in probability. Furthermore, P* (lim;_,., dist(z(t),E) = 0) > 1 — p. Choosing x( sufficiently
close to e, it follows from the inequality P™ (||z(t) — z.|| > a,(||zo — ze||)) < p, t > 0, that
trajectories of (2.2) are almost sure bounded as xq — ., and hence, the positive limit set
of (2.2) is nonempty as xy — .. Since every point in £ is Lyapunov stable in probability, it
follows from Proposition 2.1 that lim,_,, (t) 2= z* as zy — 2*, where 2* € £ is Lyapunov

stable in probability. Hence, by Definition 2.6, (2.2) is stochastically semistable. O
2.3. Stochastic Semistability of Nonlinear Dynamical Systems

In this section, we develop necessary and sufficient conditions for stochastic semistability.

First, we present a sufficient condition for stochastic semistability.

Theorem 2.1. Consider the nonlinear stochastic dynamical system (2.2). Let Q be an
open neighborhood of £ and assume that there exists a two-times continuously differentiable

function V : @ — R, such that

V(@) f(x) + %tr D (2)V"(2)D(x) < 0, =€ Q\E. (2.92)
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If every equilibrium point of (2.2) is Lyapunov stable in probability, then (2.2) is stochasti-
cally semistable. Moreover, if @ = R™ and V' (z) — oo as ||z|| — oo, then (2.2) is globally

stochastically semistable.

Proof. Since every equilibrium point of (2.2) is Lyapunov stable in probability by as-
sumption, for every z € &, there exists an open neighborhood V, of z such that s([0,00) X
V. NB.(z)), € > 0, is bounded and contained in Q as ¢ — 0. The set V. £ U ee V- N B(2),
e > 0, is an open neighborhood of £ contained in Q. Consider z € V. so that there exists
z € € such that x € V, N B.(2) and s(t,z) € HyPE) >0, as e — 0. Since V. N B.(z) is
bounded and invariant with respect to the solution of (2.2) as ¢ — 0, it follows that V. is
invariant with respect to the solution of (2.2) as ¢ — 0. Furthermore, it follows from (2.22)
that LV (s(t,z)) < 0, t > 0, and hence, since V. is bounded it follows from [75, Cor. 4.1]

that limy ., LV (s(t,2)) = 0 as € — 0.

It is easy to see that LV (z) # 0 by assumption and LV (z,) = 0, z, € €. Therefore,
s(t,r) 23 £ ast — oo and € — 0, which implies that limgise(z,e)—0 P* (limy o0 dist(s(t, ), &) =
0) = 1. Finally, since every point in £ is Lyapunov stable in probability, it follows from

a.s.

Proposition 2.1 that lim;_, s(t, ) x* as x — x*, where 2* € £ is Lyapunov stable in
probability. Hence, by Definition 2.6, (2.2) is semistable. For @ = R™ global stochastic
semistability follows from identical arguments using the radially unbounded condition on

V(). O

Next, we present a slightly more general theorem for stochastic semistability wherein we
do not assume that all points in £V ~!(0) are Lyapunov stable in probability but rather we
assume that all points in (noV)~!(0) are Lyapunov stable in probability for some continuous

function 7 : R, — R,

Theorem 2.2. Consider the nonlinear stochastic dynamical system (2.2) and let Q be

an open neighborhood of £. Assume that there exists a two-times continuously differentiable
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function V' : Q@ — R, and a continuous function 7 : R, — R, such that

V'(z)f(x) + %tr DY (2)V"(2)D(z) < —n(V(z)), =z € Q. (2.23)

If every point in the set M = {z € Q : n(V(z)) = 0} is Lyapunov stable in probability, then
(2.2) is stochastically semistable. Moreover, if @ = R™ and V(z) — oo as ||z|| — oo, then

(2.2) is globally stochastically semistable.

Proof. Since, by assumption, (2.2) is Lyapunov stable in probability for all z € M,
there exists an open neighborhood V, of z such that s([0,00) x V, N B.(z)), € > 0, is
bounded and contained in Q as ¢ — 0. The set V. £ (J,.,, V. N B:(z) is an open neigh-
borhood of M contained in Q. Consider x € V. so that there exists z € M such that
€V, NB(z) and s(t,z) € Ho'"P ¢ >0, as e — 0. Since V, is bounded it follows
that V. is invariant with respect to the solution of (2.2) as ¢ — 0. Furthermore, it follows
from (2.23) that LV (s(t,z)) < —n(V(s(t,z))), t > 0, and hence, since V. is bounded and
invariant with respect to the solution of (2.2) as ¢ — 0, it follows from [75, Cor. 4.2] that
limy 0o n(V(s(t,2))) 2 0 as € — 0. Therefore, s(t,2) 3 M as t — oo and ¢ — 0, which
implies that limgise(z,a1)—0 P* (limy—o0 dist(s(¢, z), M) = 0) = 1. Finally, since every point in

a8 x

M is Lyapunov stable in probability, it follows from Proposition 2.1 that lim; . s(t,z) = =
as ¢ — z*, where z* € M is Lyapunov stable in probability. Hence, by definition, (2.2) is
semistable. For @ = R" global stochastic semistability follows from identical arguments

using the radially unbounded condition on V(-). O

Example 2.1. Consider the nonlinear stochastic dynamical system on Hs given by

a.s.

dl’l(t) = [012($2(t)) — 021($1(t>>]dt + ’Y(i[)g(t) - xl(t))dw(t), 1’1(0) = T10, t Z O, (224)

dl‘g(t) = [0'21(1'1(15» — Ulg(l'g(t))]dt + ’Y(l‘l(t) - $2(t)>dw(t>, l’g(O) = 20, (225)

where 0;;(-), 4,7 = 1,2, i # j, ar continuous and v > 0. Equations (2.24) and (2.25)

represent.the collective.dynamics of two agents which interact by exchanging information.
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The information states of the agents are described by the scalar random variables z; and
xy. The unity coefficients scaling 0;;(-), 4,5 € {1,2}, i # j, appearing in (2.24) and (2.25)
represent the topology of the information exchange between the agents. More specifically,
given i, € {1,2}, i # j, a coefficient of 1 denotes that agent j receives information from
agent ¢, and a coefficient of zero denotes that agent ¢ and j are disconnected, and hence,

cannot share any information.

The communication topology between the agents can be represented by a graph & having
two nodes such that & has a directed edge from node ¢ to node j if and only if agent
J can receive information from agent i. Since the coefficients scaling oy;(+), 7,5 € {1,2},
1 # j, are constants, the communication topology is fixed. Furthermore, note that the
directed communication graph & is weakly connected since the underlying undirected graph
is connected; that is, every agent receives information from, or delivers information to, at

least one other agent.
Note that (2.24) and (2.25) can be cast in the form of (2.2) with

fz) = 012(2) — 021($1)} , D(z) = [’Y($2 - 371)} 7

091(71) — 012(72) Y(z1 — 22)
where the stochastic term D(x)dw represents probabilistic variations in the information

transfer between the agents. Furthermore, note that since
e;dz(t) = e; f(x(t))dt +e; D(x(t))dw(t) =0, x(0) % zy, t>0,

where e, = [11]7, it follows that dz; (t)+dzo(t) = 0, which implies that the total information

is conserved.

In this example, we use Theorem 2.1 to analyze the collective behavior of (2.24) and
(2.25). Specifically, we are interested in the consensus (i.e., state equipartitioning) behavior
of the agents. For this purpose, we make the assumptions o;;(x;) — 0;;(x;) = 0 if and only
if & = x;, 1 # j, and (x; — x;)[03j(x;) — 0ji(x;)] < —v*(@x1 — x2) for 4,5 € {1,2}. The

firstrassumptiondmplies that f the information (or energies) in the connected agents ¢ and j
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are equal, then information exchange between the agents is not possible. This statement is
reminiscent of the zeroth law of thermodynamics, which postulates that temperature equality
is a necessary and sufficient condition for thermal equilibrium. The second assumption
implies that information flows from information rich agents to information poor agents and
is reminiscent of the second law of thermodynamics, which states that heat (energy) must flow
in the direction of lower temperatures. It is important to note that due to the stochastic term
D(xz)dw capturing probabilistic variations in the information transfer between the agents,
the second assumption requires that the scaled net information flow (x; —x;)[o;(x;) —0ji(x;)]

is bounded by the negative intensity of the diffusion coefficient given by %tr D(z)D"(x).

To show that (2.24) and (2.25) is stochastically semistable, note that £& = f~1(0) N
D7H0) = {(z1,22) € R* : 11 = 23 = a,a € R} and consider the Lyapunov function

candidate V (21, 22) = 3(z1 — @)? + 3(22 — @)?, where o € R. Now, it follows that

)

LV (z1,22) = (21 — a)[o12(22) — 021(21)] + (22 — @)[o21(21) — 012(22)]
+3[(v(22 — 21))* + (v(21 — 22))?]
= x1[o12(22) — 091 (w1)] + 220021 (21) — O12(22)] + (Y(21 — xz))Q

= (21 — x2)[o12(22) — 091 (21) + 77 (21 — 22)]

IN

O, (Il, .CL’Q) e R x R, (226)
which implies that z; = o = a is Lyapunov stable in probability.

Next, it is easy to see that LV (zq,x2) # 0 when 1 # x5, and hence, LV (z1,x5) < 0,
(11, 29) € R?2\E. Therefore, it follows from Theorem 2.1 that x; = x5 = « is stochastically
semistable for all @ € R. Furthermore, z(t) =% leselz(0) = 1[z1(0) + 22(0)]es as t — oco.
Note that an identical assertion holds for the collective dynamics of n agents with a connected

undirected communication graph topology. A

Finally, we provide a converse Lyapunov theorem for stochastic semistability. For this

resultyrecall that LV (#e)e=:0 for every z. € £. Also note that it follows from (2.7) that

26

www.manaraa.com



LV (x) = LV (s(0,x)).

Theorem 2.3. Consider the nonlinear stochastic dynamical system (2.2). Suppose (2.2)
is stochastically semistable with a p-domain of semistability Dy. Then there exist a continu-
ous nonnegative function V : Dy — R, and a class Ko, function a(-) such that i) V(z) = 0,

x €&, i) V(x) > a(dist(x,£)), © € Dy, and iii) LV (z) < 0, x € Dy\E.

Proof. Let B denote the set of all sample trajectories of (2.2) for which lim,_, ., dist(z(t,
w), &) =0 and z({t > 0},w) € B™, w € Q, and let Ly (w), w € €, denote the indicator

function defined on the set B%°, that is,

a [ 1, ifz({t > 0},w) € B,
Lyeo (w) = { 0, otherwise.

Note that by definition P (B) > 1 — p for all 75 € Dy. Define the function V : Dy — R

by

Viz) 2 sup {11+—+2;]E (dist(s(t, 2), &) Lge (w)]} . zeDy, (2.27)

and note that V(-) is well defined since (2.2) is stochastically semistable. Clearly, 7) holds.

Furthermore, since V(z) > dist(z, £), x € Dy, it follows that i) holds with «a(r) = r.

To show that V(-) is continuous on Do\E&, define T : Dy\E — [0,00) by T(z) £ inf{h :

E [dist(s(h, 2), &) Ly-(w)] < dist(z,E)/2 for all t > h > 0}, and denote
W. £ {x €Dy :P* (supdist(s(t,x),é’) < 5) >1- p} . (2.28)

>0

Note that W. D £ is open and contains an open neighborhood of €. Consider z € Dy\E and
define A\ £ dist(z,&) > 0. Then it follows from stochastic semistability of (2.2) that there
exists A > 0 such that P* (s(h, z) € W)\/Q) > 1 — p. Consequently, P* (s(h +1t,z2)€ W)\/Q) >
1 —pforall t >0, and hence, it follows that 7'(z) is well defined. Since W, 5 is open, there
exists a neighborhood B, (s(T'(2), z) such that P* (B,(s(T'(z),2)) C Wyj2) > 1 — p. Hence,

MG Dysis-a-neighborhood-of » such that sy (HY) £ B,(s(T(2), 2)).
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Next, choose > 0 such that n < A\/2 and B,(z) C N. Then, for every t > T'(z) and

y S B’](Z)a
[(142t)/(1 4 t)|E [dist(s(t,y), )Ly (w)] < 2E[dist(s(t,y), E)Lgy(w)] < A
Therefore, for each y € B,(z),

V(z) = Vi(y) = sup { T dist(s(0, ), ) (w)]}

1+2
= sup {+—tE [dist(s(t, z),é’)]l%z(w)]}
o<i<T(z) L 1+t
1+2
— sup {+—tE[dist(s(t,y),g)ll%y(w)]}. (2.29)
o<i<T(z) L 1+t

Hence,

V() = V(y)l

142t
O;ETP@ 1+
<2 sup |E[dist(s(t,2),E)ly:(w)] — E[dist(s(t,y), E) Ly (w)]|

0<t<T(2)

<2 sup E[dist(s(t,2),s(t,y))], 2z € Do\&, y € B,(2). (2.30)

0<t<T(z)

IN

(E [dist(s(t,2),E) Ly=(w)] — E[dist(s(t, y), ) Lgy (w)])‘

Now, since f(-) and D(-) satisfy (2.4) and (2.5), it follows from continuous dependence of
solutions (-, -) on system initial conditions [6, Thm. 7.3.1] and (2.30) that V() is continuous
on D()\g

To show that V'(-) is continuous on &, consider x, € £. Let {z,,}7°, be a sequence in Dy\E

o

that converges to x.. Since x, is Lyapunov stable in probability, it follows that z(t) = g, is

the unique solution to (2.2) with (0) * .. By continuous dependence of solutions s(-, )

a.s.

on system initial conditions [6, Thm. 7.3.1], s(t,7,) 3 s(t,2¢) == 7, as n — 00, t > 0.

Let ¢ > 0 and note that it follows from i) of Proposition 2.2 that there exists § =

§(xe) > 0 such that for every solution of (2.2) in Bs(z.) there exists T = T'(,€) > 0 such
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that P (st( 55(%)) C Wg) >1—pforalt> T. Next, note that there exists a positive
integer Ny such that x, € Bs(x,) for all n > N;. Now, it follows from (2.27) that
V(z,) < 2 sup E[dist(s(t, 2,), €)Lgen (w)] + 26, n > Ny (2.31)
0<t<T
Next, it follows from [6, Thm. 7.3.1] that E[|s(-, z,)|] converges to E|[|s(-, z.)|] uniformly on
[0, 7. Hence,

lim sup E[dist(s(t,2,),E)lgen (w)] = sup E | lim dist(s(t, z,),E)Lgen (w)]

N0 g o<t<T HMTT°
< sup dist(z,, &)
o<t<T
=0, (2.32)

which implies that there exists a positive integer No = Ny(z,,e) > N; such that

sup E[dist(s(t,2,),E)Lgem (w)] < &
0<t<T

for all n > N,. Combining (2.31) with the above result yields V(z,) < 4e for all n > Ny,

which implies that lim,, . V(x,) = 0 = V(z.).

Finally, we show that £V (z(t)) is negative along the solution of (2.2) on Dy\E. Note that
for every x € Do\€ and 0 < h < 1/2 such that P (s(h,z) € Do\E) > 1 — p, it follows from
the definition of T'(+) that E [V (s(h, x))] is reached at some time ¢ such that 0 < # < T'(z).

Hence, it follows from law of iterated expectation that

E[V(s(h,z))] = E [IE [dist(s(t + h,2), €) Lgstna (w)] 11+—+2£t]
P 142t +2h h
= B [dist(s(t + . 2), &)= ()] m[l T (1420 +20)(1 +1)
< V(z) [1 - m : (2.33)

which implies that
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Chapter 3

Nonlinear-Nonquadratic Optimal and Inverse Optimal
Control for Stochastic Dynamical Systems

3.1. Introduction

Building on the results of [13,45], in this chapter we present a framework for analyzing
and designing feedback controllers for nonlinear stochastic dynamical systems. Specifically,
we consider a feedback stochastic optimal control problem over an infinite horizon involv-
ing a nonlinear-nonquadratic performance functional. The performance functional can be
evaluated in closed form as long as the nonlinear-nonquadratic cost functional considered is
related in a specific way to an underlying Lyapunov function that guarantees asymptotic sta-
bility in probability of the nonlinear closed-loop system. This Lyapunov function is shown to
be the solution of the steady-state stochastic Hamilton-Jacobi-Bellman equation. The over-
all framework provides the foundation for extending linear-quadratic control for stochastic

dynamical systems to nonlinear-nonquadratic problems.

More specifically, in Section 3.2 we consider a nonlinear system with a performance func-
tional evaluated over the infinite horizon. The performance functional is then evaluated
in terms of a Lyapunov function that guarantees asymptotic stability in probability. This
result is then specialized to general polynomial and multilinear cost functionals. Then, in Sec-
tion 3.3, we state a nonlinear-nonquadratic stochastic optimal control problem and provide

sufficient conditions for characterizing an optimal nonlinear feedback controller guaranteeing
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asymptotic stability in probability of the closed-loop system. In Section 3.4, we develop op-
timal feedback controllers for affine nonlinear systems using an inverse optimality framework
tailored to the stochastic stabilization problem. This result is then used to derive extensions
of the results in [11,100] involving nonlinear feedback controllers minimizing polynomial and
multilinear performance criteria. Finally, in Section 3.5, we provide illustrative numerical

examples that highlight the stochastic optimal stabilization framework.

3.2. Stability Analysis and Nonlinear-Nonquadratic Cost Evalua-
tion of Nonlinear Stochastic Systems

In this section, we provide connections between Lyapunov functions and nonquadratic
cost evaluation. First, we provide sufficient conditions for local and global asymptotic and
exponential stability in probability for the nonlinear stochastic dynamical system (2.2). Here

we assume that f(0) =0 and D(0) = 0, and hence, z, = 0 is an equilibrium point of (2.2).

Theorem 3.1 [67, Thm. 5.3, Corol. 5.1, and Thm. 5.11]. Consider the nonlinear stochas-
tic dynamical system (2.2) and assume that there exists a two-times continuously differen-

tiable function V : D — R such that

V(0) =0, (3.1)
V(z)>0, z€D, a#0, (3.2)
W e <o, sen s

Then the zero solution x(t) = 0 to (2.2) is Lyapunov stable in probability. If, in addition,

oV (x) 1 v, \0?V(x)
e flx)+ étr D (:10)—8962

D(x) <0, r €D, x # 0, (3.4)

then the zero solution x(t) = 0 to (2.2) is asymptotically stable in probability. Moreover, if
D = R"™ and V(+) is radially unbounded, then the zero solution z(t) = 0 to (2.2) is globally

asymptotically stable in probability. Finally, if there exist scalars a, 8,7 > 0, and p > 1,
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such that V : D — R satisfies

allall” < V(@) < B, 2 €D, (35)
ov 1 0*V
D pw)+ 30 D@ D) < el weD, (36)

then the zero solution z(t) = 0 to (2.2) is exponentially p-stable in probability. Moreover, if
D = R"™ and V(+) is radially unbounded, then the zero solution z(t) = 0 to (2.2) is globally

exponentially p-stable in probability.

Remark 3.1. A more general stochastic stability notion can also be introduced here in-
volving stochastic stability and convergence to an invariant (stationary) distribution. In this
case, state convergence is not to an equilibrium point but rather to a stationary distribution.
This framework can relax the vanishing perturbation assumption D(0) = 0 and requires a
more involved analysis and synthesis framework showing stability of the underlying Markov

semigroup [78].

Next, we provide connections between Lyapunov functions and nonlinear-nonquadratic
cost evaluation. Specifically, we present sufficient conditions for stability and performance for
a given nonlinear stochastic dynamical system with a nonlinear-nonquadratic performance
measure. As in deterministic theory [14,45], the cost functional can be explicitly evaluated
as long as it is related to an underlying Lyapunov function. For the following result, let
L:D — R with L(0) = 0 and let 1y, ,,.(t) denote the indicator function defined on the set

[to, Tm|, m € Z., that is,

1, ift € [ty, 7],
Mmﬁﬂé{ fo, 7

0, otherwise.
Furthermore, let B denote the set of all sample trajectories of the dynamical system (2.2)

for which limy .« ||z(t,w)|| = 0 and z({t > ¢,},w) € BL*, w € Q. Finally, define

xo ?

o [ 1, ifa({t >t,},w) € B,
Tgee (w) = { 0, otherwise.
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Theorem 3.2. Consider the nonlinear stochastic dynamical system given by (2.2) with

nonlinear-nonquadratic performance measure

1 o
J(:CO, %;?)St) é WEIO |:/ L(l’(t)):ﬂ_%g%it (W)dt . (37)
o to

Furthermore, assume that there exists a two-times continuously differentiable function V :

D — R such that

V(0) =0, (3.8)

V()>0, z€D, a#0, (3.9)

V'(z)f(x) + %tr DT (x)V"(x)D(x) < 0, z €D, x #0, (3.10)
L(z) + V'(2)f(x) + %tr DY(2)V"(¢)D(x) =0, x€D. (3.11)

Then the zero solution x(t) =0 to (2.2) is locally asymptotically stable in probability and,
for every p € (0,1), there exist § = 0(p) and BL with P (BO') > 1 — p such that, for all
xo € Bs(0) C D,

J (20, BL") = V(20). (3.12)

a.s.

Finally, if D = R" and V(z) — oo as ||z|| — oo, then the zero solution z(t) = 0 to (2.2) is

globally asymptotically stable in probability and (3.12) holds with P (%;‘ft) =1, 29 € R"™

Proof: Conditions (3.8)—(3.10) are a restatement of (3.1)—(3.3), and hence, it follows

o

.S.

from Theorem 3.1 that the zero solution x(t) = 0 of (2.2) is locally asymptotically stable
in probability. Consequently, for every p € (0,1), there exist § = d(p) and a set of sample
trajectories z({t > t,},w) € BL™, w € €, such that, for all zq € Bs(0) C D, P (Bt) >

xro

1—p.

Next, using (2.2) and It6’s (chain rule) formula, it follows that the stochastic differential
of V(x(t)) along the system trajectories x(t),t > to, of (2.2) is given by

OV (x(t))

S D(a(t)du(?).

(3.13)

W(a(o) = (VO (al) + 5t DOV @)D ) de+
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Hence, using (3.11) it follows that

L(x(t))dt +dV (z(t)) = (L(:c(t)) + V' (x(t)) f(z(t) + %tr DT(:c(t))V”(x(t))D(x(t))) dt

OV (x(t
= V) b)) du (). (3.14)
ox
Let {t,}>°, be a monotonic sequence of positive numbers with ¢, — 0o as n — oo,
Tm :  — [to,00) be the first exit (stopping) time of the solution z(t), t > t,, from the set
B,,,(0), and let 7 = lim,, o0 7. Now, multiplying (3.14) with Lot (w) and integrating over
[to, min{t,,, 7 }|, where (n,m) € Zy x Z, yields
min{tn,m }
/ L(Qf(t))ﬂ_%g%st (W)dt
to

min{ty,7m } min{ty,7m } (s
—— [T v+ [ P D) g )auts

i t Oz
= V(@(to)) Lasge () — V(w(min{ty, 7 })) Lassos ()

min{tn,mm } T
+ /to WD(.T@)) Lot (w)dw(t)

= V(a(to)) Lagpt (w) = V(w(min{t, 7 })) gt (w)

N /t " w D((t)) Lty ] (£) Lot () duo(t). (3.15)

0

Taking the expectation on both sides of (3.15) yields

min{ty,7m }
Emo [/ L(.’E(t))]l%;%st (CU) dt]

to

_ g {V(:c(to))]lg%st (@) = V(@(min{ta, 7 })) Lassos ()

+ /t WD(CE@))]I[%,TM () Lpgan (w)dw(t)]
= V()P (B — E™ [V($(min{tn,rm}))1%§%st (w)] . (3.16)

Next, let B7 denote the set of all the sample trajectories x(t), t > to, of (2.2) such that

= 0o and note that, by regularity of solutions [67, p. 75], P*(B]') —+ 1 as m — oc.
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Now, noting that L(x) > 0, € D, the sequence of random variables {fn}5 -0 € Hi,

where

R min{tn,7m})
finn = / L(a(t)) Lageet (w)dt,

to

is a pointwise nondecreasing sequence in n and m of nonnegative JF;-measurable random
variables on €). Next, defining the improper integral

/ " L (t)) L ()l

to
as the limit of a sequence of proper integrals, it follows from the Lebesgue monotone con-

vergence theorem [3] that

lim lim E*°
m—00 N—r0Q

min{tn,7m }
/ L((t)) Lngge ()

to

= lim E*
m—00

min{ty,7m }
lim / L(x(t)) L () dt]
to

n—oo

_ g [ lim /t " L) L () dt}

m—o0

=5 | [ et tag |

to

— J (g, B )P (B | (3.17)

®

.S.

Next, since the zero solution z(t) = 0 of (2.2) is asymptotically stable in probability
and V (z(min{t,, 7, })) is a positive supermartingale by [67, Lemma 5.4], it follows from [67,
Theorem 5.1] that

lim lim E® [V(x(min{tn,Tm}))]l%g%st(w)] — lim E® [nm V(x(min{t,, 1 })) Lpgoe (w)]

mM—00 N— 00 m—00 n—oo

— lim E® [V(x(Tm))n%%st (w)]

m— 00

_ R [ lim V(2(r)) Lpeos (w)]

mM— 00

— E® [V ( Tim. x(Tm)) Lpgan (w)]

= 0. (3.18)

Now, taking the limit as n — oo and m — oo on both sides of (3.16) and using (3.17) and
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Finally, for D = R™ global asymptotic stability in probability is direct consequence of

the radially unbounded condition on V(-), and hence, (3.12) holds with P (B¢') =1 for
all zg € R™.

0

Remark 3.2. Note that for global asymptotic stability in probability P*° (%g‘ft) =1
for all g € R™, and hence, Logcost (w) 2 1. In this case,

T (g, B 2 WEW [ /t " L) T (w)dt} _ g [ / h L(x(t))dt} |

to

Thus, in the remainder of this section we omit the dependence on ’B;‘;St in the cost functional

for all the results concerning global asymptotic stability in probability.

It is important to note that if (3.11) holds, then (3.10) is equivalent to L(x) > 0, z € D,

x # 0. Next, we specialize Theorem 3.2 to linear stochastic systems. For this result, let

A € R™™ let 0 € R and let R € R™™ be a positive-definite matrix.

Corollary 3.1. Consider the linear stochastic dynamical system with multiplicative
noise given by

do(t) = Az(t)dt + z(t)o dw(t), z(0) ==z as., t>0,

(3.19)
and with quadratic performance measure
T(xo) & B [ / xT(t)Rx(t)dt] . (3.20)
0
Furthermore, assume that there exists a positive-definite matrix P € R"*" such that
1 T 1
0= <A + §||a||2fn) P+P <A + §||a||2fn> + R. (3.21)
Then, the zero solution x(t) =0 to (3.19) is globally asymptotically stable in probability
and
J(z0) = x5 P, xo € R™. (3.22)
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Proof. The result is a direct consequence of Theorem 3.2 with f(z) = Az, D(z) = zo™,

L(x) = 2Rz, V(z) = 2"Px, and D = R". Specifically, conditions (3.8) and (3.9) are

trivially satisfied. Now,
1 1
V'(z)f(z) + =tr DY (2)V"(2)D(z) = 27 (AP + PA)z + Etr(:vaT)TQP(:vaT)

2
1 T 1
(A + 5||a||21n) P+P (A + §||0||2]n)

:l‘T

z,

and hence, it follows from (3.21) that L(z)+V’(z) f(z)+3trD*(2)V"(2)D(z) = 0, 2 € R", so
that all the conditions of Theorem 3.2 are satisfied. Finally, since V(+) is radially unbounded,

a.s.

the zero solution z(t) = 0 to (3.19) is globally asymptotically stable in probability. O

Next, we specialize Theorem 3.2 to linear and nonlinear stochastic systems with mul-
tilinear cost functionals. First, however, we give several definitions involving multilinear
functions and a key lemma establishing the existence and uniqueness of specific multilinear
forms. Define 719 2 r @ v ® - @z and & A 2 APAPD---d A, where z and A appear
q times and ¢ is a positive integer. A scalar function ¢ : R" — R is g-multilinear if q is a
positive integer and 1)(x) is a linear combination of terms of the form z%z2 - - -z’ where
i; is a nonnegative integer for j = 1,...,n and 4 + 4y + --- + ¢, = ¢. Furthermore, a ¢-
multilinear function ¥(-) is nonnegative definite (resp., positive definite) if 1(z) > 0 for all
x € R” (resp., ¥(z) > 0 for all nonzero z € R™). Note that if ¢ is odd, then ¢ (z) cannot be
positive definite. If ¢(+) is a ¢g-multilinear function, then v (-) can be represented by means
of Kronecker products, that is, 1(z) is given by ¢ (z) = ¥zld, where ¥ € R"*™. Note that

every polynomial function can be written as a multilinear function; the converse, however,

is not true.
The following lemma is needed for several of the main results of this and subsequent

chapters.

Lemma 3.1. Let A € R™™ and o € R? be such that A + (¢ — 1)||o||*I, is Hurwitz,

and et iR — R.be a.g-amultilinear function. Then there exists a unique g-multilinear
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function g : R™ — R such that
1 TNT 1 T / n
0= §tr(:170 ) " (x)(zo™) + ¢'(x) Az + h(z), r € R™ (3.23)

Furthermore, if h(x) is nonnegative (resp., positive) definite, then g(x) is nonnegative (resp.,

positive) definite.

Proof. Let h(z) = Wzld and define g(z) = T'zld, where I' = —\I/(é (A+ 1(q -
1)||lo][2Z,))~", and note that & (A + :(q¢ — 1)||o|*L,) is invertible since A + 1(q — 1)||o||*L,

is Hurwitz by assumption. Now, note that, for all x € R",

g (x)Azx + %tr(xJT)Tg"(a:) (woT)

1
= (T2l Az + éxT(I‘x[q])”x||a||2

ith entry

q 7, 1 non g q
:F<Zx®...® I, ®"'®x>Ax+§HU”2<ZZZ Z zl(z®---
i=1 j=1 ig=1 jo=1,jq#iq
-t

ifzh entry 3y

hentry
R T @ ® ’ej‘ ®...®x)xj>

ith entry

:P(Zx@---@71?®~-®m>+%||a||2<z Y YN Tree---

ig=1 iq=1jq=1,jqFiq =1 j=1
ith entry Jib entry
S~ =~

® Te ®--® T, ®---®x))

ith entr
Y q q

q q
_ e T @ IR
Ny Le o A @-IL|x + 51l Yoy Tee

ig=1 ig=1 jq=1,jq7iq
ith entry G entry
S SCa
---®(inei)(}?---®(ijej)®---®x)>
i=1 j=1
ith entry

q LA u 1 , q q
=T ;1n®-~-® AT @ @1, |all 4 o] ’T zj:;#x@---

,L't

qh entry j;h entry
A~ = A~ =
® T ®® Tx ®-~®:c)
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qentry
—P(ZI@ - ® oy Q- ®I> [a]
iq=1

ith
g entry
N

q _ 1)”0”2[n R ® [n> 214l

[\')Ir—\‘

+F<ZI ® -

ig=1

iflh entry

A\

q 75 N\
1
=F<an®---®(z4+§(q—1)||o||2ln)®---®ln>m[q]

~0 (& 4+ 3o DllolPE) ) o

To prove uniqueness, suppose, ad absurdum, that §(z) = [zld satisfies (3.23). Then it

follows that
q 1 . [ q 1
r (@ (A+ 50— 1)||c7H21n)) 24 =7 (@ (A+ (- 1)H0||2In)) ),

Since & (A + 1(g = 1)||o||*L,,) is Hurwitz and e(® S+ =Dl )2m) — (eAtz@DlelP Ity it

follows that, for all x € R",

Tzl = I‘(
-T

(A+ (a=Dlell*1n)t z)ldt

(A+ (a=D)llol*1n)t 1) la] g

q
&
/O
/ " (Al yld gy
0
DA
)

which shows that g(z) = g(x), © € R", leading to a contradiction.
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Finally, if h(x) is nonnegative definite, then it follows that, for all z € R",

q 1 -1
g(x) =¥ (@ (A+ (g 1)||0||21n)> 2l
=U /00 e(é(“”%(q—l)IIUIIQIn))tx[q]dt
0

_ / " (At Dl P Lt algy
0

> 0.
If, in addition, x # 0, then e(A+3(@=Dllol* L)ty #0,t > 0. Hence, if h(z) is positive definite,
then g(x), x € R™, is positive definite. O

Next, assume that (A + (¢ — 1)||o]|*I,,) is Hurwitz, where ¢ > 2 is a given integer, let
P be given by (3.21), and consider the case in which D(-) L(-), f(-), and V(-) are given by
D(z) = xzo",

L(z) = 2 Rx + h(z), f(z)= Az + N(z), V(z)=2"Pr+ g(z), (3.24)

where h : D — R and g : D — R are nonlinear and nonquadratic, and N : D — R" is
nonlinear. In this case, (3.11) holds if and only if
0=2a2"Re+ h(z) + 2" (ATP + PA)x + 20" PN () + ¢'(z)(Az + N(z))
1
+ §tI‘(mO'T)T 2P + ¢" ()] (zoT), v € D, (3.25)
or, equivalently,
0=2za"

T

1 T 1
(A + 5||a||21rn> P+P (A + 5||a||21n) +R

(zo™) g (x)(x0") + ¢'(z)(Az + N(2)) + h(z) + 22T PN(z), v € D. (3.26)

N | —

+

Since (A + 1||o||*1,) is Hurwitz, we can choose P to satisfy (3.21). Now, suppose N(z) =0
and let P satisfy (3.21). Then (3.26) specializes to

0= l1:1r(:1mT)Tg"(as)(QUUT) +¢'(z)Ax + h(x), xz€D. (3.27)
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Next, given h(-), we determine the existence of a function ¢(-) satisfying (3.27). Here,
we focus our attention on multilinear functionals for which (3.27) holds with D = R™
Specifically, let h(x) be a nonnegative-definite g-multilinear function, where ¢ is necessarily
even. Furthermore, let g(x) be the nonnegative-definite g-multilinear function given by
Lemma 3.1. Then, since str(zo™)"¢"(z)(z0") + ¢'(x)Az < 0, 2 € R", it follows that
2" Px + g(z) is a Lyapunov function for (3.19). Hence, Lemma 3.1 can be used to generate

Lyapunov functions of specific multilinear structures.

To demonstrate the above discussion suppose h(x) in (3.24) is of the more general form

given by
h(z) =Y hay(), (3.28)
v=2
where, for v = 2,3,...,7, hy, : R® — R is a nonnegative-definite 2v-multilinear function.

Now, using Lemma 3.1, it follows that there exists a nonnegative-definite 2r-multilinear

function go, : R™ — R satisfying
1
0= étr(:vaT)ngy(x)(xaT) + b (¥)Ax + hoy(z), z€R", v=23 ... (3.29)

Defining g(z) = 3.7 _, g2, (x) and summing (3.29) over v yields (3.27). Since (3.11) is satisfied

with L(z) and V (z) given by (3.24), respectively, (3.12) implies that

J(z0) = 23 Pro + g(x0). (3.30)

To illustrate condition (3.27) with quartic Lyapunov functions let
V(z) = 2T Pr + (2" Mx)?, (3.31)

where P satisfies (3.21) and assume M is an n x n symmetric matrix. In this case, g(z) =

(zTMx)? is a nonnegative-definite 4-multilinear function and (3.27) yields
1
h(z) = —4(x*Mz)z™ M Az — étr(:vaT)T [8Mza™M + 4(z" Mz)M] (zo")  (3.32)

T
(T M) (A + ;HJ||2I”> M+ M (A + g||0||2]n)] .
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Now, letting M satisfy
3 B 3 .
0= <A+§||a||21'n) M+ M (A—|—§||0||2In> + R, (3.33)

where R is an n X n symmetric matrix, it follows from (3.32) that h(z) satisfying (3.27) is

of the form

h(z) = 2(z" Mz) (2" Rx). (3.34)

If Ris nonnegative definite, then M is nonnegative definite, and hence, h(z) is a nonnegative-
definite 4-multilinear function. Thus, if V'(x) is a quartic Lyapunov function of the form given

by (3.31), and L(x) is given by
L(z) = 2" Re + 2(z" Mz) (2" Rx), (3.35)

where M satisfies (3.33), then condition (3.27), and hence, (3.11) is satisfied.

The following proposition generalizes the above results to general polynomial cost func-

tionals.

Proposition 3.1. Let A € R™" and ¢ € R? be such that A + 1(2r — 1)|0|]%I, is
Hurwitz, and let R € R™™", R > 0, and Rq e R™*", Rq >0,qg=2,...,7. Consider the

linear stochastic dynamical system (3.19) with performance measure

(o) = E™ / {“(t)Rx(t) + 37 [T Ry () (@ () My (1)) } dt] :
(3.36)
where M, € R"*" and M, >0, ¢ =2,...,r, satisfy
1 T 1 .

0= (A + 5(2(1 — 1)||a||21'n> M, + M, (A + 5(2q — 1)||a||21'n> + R,. (3.37)

Then there exists a positive-definite matrix P € R™*" such that

IR 1,

0= A+§||a|| I, | P+P A+§||a|| I, | +R (3.38)
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o

.S.

and the zero solution z(t) = 0 to (3.19) is globally asymptotically stable in probability and

J(wo) = 2 Pro+ Y L(ag Mym)?, o €R™. (3.39)

q=2

Proof. The existence of a positive-definite matrix P € R"*™ for some R > 0 follows
from converse Lyapunov theory using the fact that A + 1|0, is Hurwitz. The result now
is a direct consequence of Theorem 3.2 with f(z) = Az, D(x) = zo¥, L(x) = 2"Rx +

Yo l(@T Ryw) (2" Myz)*™'), Vi(z) = 2" P + Y1, L(@™ Myz)?, and D = R™. Specifically,

q=2

conditions (3.8) and (3.9) are trivially satisfied. Now,

V/(@)f(x) + 5tr DY)V (x) D)

T

=1 (A"P+ PA)x + Z(xTqu)q_le(ATMq + M,A)x

q=2
1
+§tr xo ") [2P 4+ 4(q — 1) (z" Myz) > Myza " My + 2(x" Myz)M,] (zo™)
= I‘T

1 T 1
A+ §||0||21n) P+P (A + §HU||QI”)] z

T

+ Z(wTqu)q_le

q=2

1
M, (A + 52 - 1)H0H21n> ]

1 T
(4+ 0= DlolPn) M,

and hence, it follows from (3.37) and (3.38) that L(z)+V"(z) f(z)+str DT (z)V"(z)D(x) = 0,
x € R™, so that all the conditions of Theorem 3.2 are satisfied. Finally, since V() is radially

unbounded (3.19) is globally asymptotically stable in probability. O

Remark 3.3. Proposition 3.1 requires the solutions of r—1 Lyapunov equations in (3.37)

to obtain a closed-form expression for the nonlinear-nonquadratic cost functional (3.36).

3.3. Stochastic Optimal Nonlinear Control

In this section, we consider a control problem involving a notion of optimality with respect

to.a-nonlinear-nonquadratic.cost functional. We use the framework developed in Theorem 3.2
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to obtain a characterization of optimal feedback controllers that guarantee closed-loop local
and global stabilization in probability. Specifically, sufficient conditions for optimality are
given in a form that corresponds to a steady-state version of the stochastic Hamilton-Jacobi-
Bellman equation. To address the problem of characterizing stochastic optimal stabilizing
feedback controllers, consider the controlled nonlinear stochastic dynamical system G given
by

dz(t) = F(z(t),u(t))dt + D(z(t), u(t))dw(t), z(ty) = xo, t > to, (3.40)

where, for every t > to, z(t) € HP, £(0) € HZ, D is an open set with 0 € D, u(t) € HY,
U C R™isopen set with 0 € U, w(-) is a d-dimensional independent standard Wiener process,
F :D x U — R" is jointly continuous in z and u with F(0,0) =0, and D : D x U — R"*4

is jointly continuous in z and u with D(0,0) = 0.

Here we assume that u(-) satisfies sufficient regularity conditions such that (3.40) has
a unique solution forward in time. Specifically, we assume that the control process u(-) in
(3.40) is restricted to the class of admissible controls consisting of measurable functions u(-)
adapted to the filtration {F; }:>, such that u(t) € H,,, t > to, and, for all t > s, w(t)—w(s) is
independent of u(7), w(T), 7 < s, and z(t), and hence, u(-) is nonanticipative. Furthermore,
we assume that u(-) takes values in a compact, metrizable set & and the uniform Lipschitz
continuity and growth conditions (2.4) and (2.5) hold for the controlled drift and diffusion
terms F'(x,u) and D(z,u) uniformly in w. In this case, it follows from Theorem 2.2.4 of [5]

that there exists a pathwise unique solution to (3.40) in (2, {Fi>s, }, P*0).

A measurable function ¢ : D — U satisfying ¢(0) = 0 is called a control law. If u(t) =
o(z(t)), t > to, where ¢(+) is a control law and x(t), t > t¢, satisfies (3.40), then we call u(-)
a feedback control law. Note that the feedback control law is an admissible control since ¢(-)
has values in U. Given a control law ¢(-) and a feedback control law u(t) = ¢(x(t)), t > to,

the closed-loop system (3.40) has the form

da(t) = F(z(t), o(x(t))dt + D(x(t), ¢(x(t))dw(t) (te) = zo, t> to. (3.41)
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Next, we present a main theorem for stochastic stabilization characterizing feedback
controllers that guarantee local and global closed-loop stability in probability and minimize
a nonlinear-nonquadratic performance measure. For the statement of this result, let L :
D x U — R be jointly continuous in z and u, and, for every p € (0, 1), define the set of

stochastic regulation controllers given by
S(zg,p) {u() : u(-) is admissible and z(-) given by (3.40) is such that P*° (%g}j)

>1— p, where B2 = {x({t > to},w): tlim |z(t,w)|| =0, w e Q} }
—00

Theorem 3.3. Consider the nonlinear stochastic controlled dynamical system (3.40)

with performance measure

o
P (50

where u(-) is an admissible control and 1.,..)(w) denotes the indicator function of the set
z

J (w0, u(-), BU) = Reo { /°° L(w(t),u(t))ll%;g)(w)dt} , (3.42)

to

‘BZ(({). Assume that there exists a two-times continuously differentiable function V' : D — R

and a control law ¢ : D — U such that

V(0) =0, (3.43)
V(z) >0, r €D, x #0, (3.44)
$(0) =0, (3.45)

V'(z)F(x, é(x)) + %tr DYz, ¢(x))V"(z)D(z, p(z)) < 0, zr €D, x#0, (3.46)

H(z,¢(z)) =0, r €D, (3.47)
H(z,u) >0, x €D, ue U, (3.48)

where
H(z,u) = L(z,u) + V'(z)F(z,u) + %tr DY (2, u)V"(x)D(z,u). (3.49)

Then, with the feedback control u(-) = ¢(z(-)), the zero solution z(t) = 0 of the closed-loop

mptotically stable in probability and, for every p € (0, 1), there
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exist § = d(p) and B with Pro (%i’g"”('”) > 1 — p such that, for all g € Bs(0) C D,

T (20, 6(x(-)), BEED) = V(o).

(3.50)
In addition, if zy € Bs(0), then the feedback control u(-) = ¢(x(-)) minimizes (3.42) in the
sense that

T (20, ¢(2(), BE") = min T (o, u(-), Bi") . (3.51)
u(-)eS(zo,p)

a.s.

Finally, if D = R", U = R™, and V(z) — oo as ||z|| — oo, then the zero solution z(t)

0
of the closed-loop system (3.41) is globally asymptotically stable in probability and (3.51)

holds with p = 0 and P® (q;ggx(-))) =1, 20 € R™.

Proof. Local and global asymptotic stability in probability are a direct consequence
of (3.43)—(3.46) by applying Theorem 3.2 to the closed-loop system (3.41). Furthermore,
using (3.47), condition (3.50) is a restatement of (3.12) as applied to the closed-loop system.
Consequently, for every p € (0,1), there exist § = d(p) and a set of sample trajectories
2({t > to},w) € BE) such that, for all o € Bs(0) C D, P (%iﬁ“'”) >1—p.

Next, let zy € Bs(0), let u(-) € S(xg,p), and let z(t), t > to, be the solution of (3.40).
Then using It6’s (chain rule) formula it follows that

L(z(t),u(t))dt +dV (z(t)) = (L(x(t), w(t)) + V'(x(t))F(x,u(t)) + %tr DT (x(t), u(t))

V" (a(t)D(x(t), u(t)))dt + agf) D(, u)duw(t),

and hence,

L(x(t), u(t))dt = —dV (x(t)) + H(x(t), u(t))dt + WD(W), w(t))dw(t).  (3.52)

Let {t,}>°, be a monotonic sequence of positive numbers with ¢, — 0o as n — oo,

Tm :  — [to,00) be the first exit (stopping) time of the solution z(t), t > t¢, from the set

B,,,(0), and let 7 = lim,,_ 00 7. Now, multiplying (3.52) with 1,ue)(w) and integrating over
z
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[0, min{t,,, 7., }], where (n,m) € Z, x Z,, yields

min{tn,7m }
/ L(t) () Lo ()

to

mln{tn,Tm} min{tn,mm}
= [ v + [ HG ), ) L ()t

/ " VD) o, o)y ()
(2(t0)) Ly u()( ) V(x(min{tn,Tm}))]l%;g)(w)

mm{tn,Tm}
+ / H (1), u(t)) Ly ()t
t

+/t0nWD(x(t),u(t))ﬂ[to,fm](t) a0 (W) dw (?). (3.53)

Next, taking the expectation on both sides of (3.53) and using (3.48) yields

min{tn,7m }
Exo !/ L(x(t),u(t))]l%;g)(w) dt]

to

= E™

V(x(to))]l%z(().)(w) — V(z(min{t,, Tm}))ﬂ%;(().)(w)

min{tn,7m }
+ / t),u(t))ﬂ%z(().)(w)dt

T
[ D0, 1) () g () >] (3.54)
> V(o)™ (B0) — B [V(z(min{tn,Tm}))]l%:é.)(w)] . (3.55)

Next, let 87" denote the set of all the sample trajectories of x(t), ¢t > ty, such that
Tm = 00 and note that, by regularity of solutions [67, p. 75], P®(B]') — 1 as m — oo.

Now, noting that for all u(-) € S(xo, p),

[ |10 001 0] 002 0

let the random variable

min{¢t,7m }
g2 sup / ‘L(x(s),u(s))ﬂ%;g)(w)‘ds.
0

>0,m>0
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CH,y

In this case, the sequence in n and m of Fi-measurable random variables { f,,,}5°,
K

on § for all (n,m) € Z; X Z,, where
N min{tn,7m }
fn 2 [ L (t), u(0) 1o ()t
0
satisfies | fy.nl 3 g, (n,m) € Z, x Zy. Now, defining the improper integral

/0 " L) u(t)) Ly ()

as the limit of a sequence of proper integrals, it follows from the dominated convergence

theorem [3] that

lim lim E*°
m—00 N—r00

min{tn,7m }
/ L(x(t), u(t))]l%:é.)(w)dt]

to

= lim E*
m—00

min{tn,7m }
lim / L(x(t), u(t))]l%:é.)(w)dt]

n—o0 to

_ R [ Jim /t:” L((t), u(t) Ly (w)dt]

m—00

_ B [ / h L(x(t),u(t))ﬂmg)(w)dt]

to

= J (o, u(-), B0y P (B10)). (3.56)

Next, using the fact that u(-) € S(xg,p) and V(-) is continuous, it follows that for
every m > 0, V(z((min{t,, 7,,})) is bounded for all n € Z,. Thus, using the dominated
convergence theorem [3] and the fact that ||z(t,w)|| — 0 as t — oo for all z({t > ty},w) €

B0 we obtain

lim lim E* [V(m(min{tn,Tm}))ﬂ%zé)(w)] = lim E* [lim V(x(min{tn,Tm}))l%zé.)(w)]

m—00 N—00 m—0o0 n—o0

= o [ lim V(x(Tm))ﬂ%;g)(w)}

= e [V (i #(r) Lo ]
— 0. (3.57)

Now, taking the limit as n — oo and m — oo on both sides of (3.55) and using the fact that

and J (xo,fp(x(-)),%;’zgz('”) = V(x0) yields (3.51).
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Finally, for D = R™ global asymptotic stability in probability of closed-loop system is
direct consequence of the radially unbounded condition on V' (-), and hence, P (%?ng(‘”> =
1 for all 5 € R™. In this case, the proof of (3.51) follows using identical arguments as in the

proof of the local result. O

Note that (3.47) is the steady-state stochastic Hamilton-Jacobi-Bellman equation. To

see this, recall that the stochastic Hamilton-Jacobi-Bellman equation is given by ([6])

2

8'Wtdm>=Q t > to, (3.58)

2V(t, x(t)) + IgleilI]lH (t, x(t), u, 2V(t, x(t)), pye)

ot Ox
which characterizes the optimal control for stochastic time-varying systems on a finite or
infinite interval. For infinite horizon time-invariant systems, V' (t,z) = V(x), and hence,
(3.58) reduces to (3.47) and (3.48). Conditions (3.47) and (3.48) guarantee optimality with
respect to the set of admissible stabilizing controllers S(xg, p). However, it is important to
note that an explicit characterization of the set S(xg, p) is not required. In addition, the
optimal stabilizing feedback control law v = ¢(z) is independent of the initial condition .
Finally, in order to ensure asymptotic stability in probability of the closed-loop system (3.40),
Theorem 3.3 requires that V(-) satisfy (3.43), (3.44), and (3.46), which implies that V'(-) is
a Lyapunov function for the closed-loop system (3.40). However, for optimality V(-) need
not satisfy (3.44) and (3.46). Specifically, if V() is a two-times continuously differentiable
function such that (3.43) is satisfied and ¢(-) € S(xo, p), then (3.47) and (3.48) imply (3.50)
and (3.51).

The optimal feedback control ¢(-) that guarantees global asymptotic stability in proba-

bility gives P*° <%§§)) =1, and hence, 1,4, (w) = 1. Moreover, all the admissible controls
zo

u(+) that guarantee global attraction in probability satisfy P*° (%55‘) > =1 for all xy € R",

and hence, p = 0 and 1 () (w) %2 1. In this case,
0

Pzo to 0

J (o, u(+), SB;‘S')) = ﬁExo [/OO L(x(t),u(t))]l%u(.>(w)dt}

:E%{/ngumemd (3.59)
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and

7 (w0, (), BL) — WWO { /tooo L(x(t), &((6)))1 g0 (w)dt

_ g [ /t b L(:v(t),¢(x(t)))dt] |

(3.60)
Thus, in the remainder of the chapter, we omit the dependence on 220 and %zﬁ;) in the cost

functional and we write S(xg) for S(xo, p) for all the results concerning globally stabilizing
controllers in probability.

Next, we specialize Theorem 3.3 to linear stochastic dynamical systems and provide

connections to the stochastic optimal linear-quadratic regulator problem with multiplicative

noise. For the following result let A € R™" B € R™™ o c RY, R, € P, and R, € P be
given.

Corollary 3.2. Consider the linear controlled stochastic dynamical system with multi-
plicative noise given by

dz(t) = [Az(t) + Bu(t)] dt + z(t)o " dw(t),

z(0) 2 T,

t>0,
and with quadratic performance measure

(3.61)

J(zo, u(-)) = E* UOOO[xT(t)Rlx(t) + uT(t)Rzu(t)]dt} :

(3.62)
where u(-) is an admissible control. Furthermore, assume that there exists a positive-definite
matrix P € R"*" such that

1 T 1
0= (A + 5||a||21n) P+P (A + 5||a||21n) + R, — PBR;'B"P.

Then, with the feedback control u = ¢(z)

(3.63)
2 _R;'BT Pz, the zero solution z(t) = 0 to
(3.61) is globally asymptotically stable in probability and
J(zo, d(z(+)) = x5 Py, xo € R™. (3.64)
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Furthermore,

Jao,0(a()) = min Iz, u()) (3.65)

where S(xg) is the set of regulation controllers for (3.61) and xy € R™.

Proof. The result is a direct consequence of Theorem 3.3 with F(z,u) = Az + Bu,
D(z,u) = x0T, L(z,u) = 2TRyx + uTRyu, V(z) = 2T Pz, D = R", and U = R™. Specif-
ically, conditions (3.43) and (3.44) are trivially satisfied. Next, it follows from (3.63) that
H(z,¢(x)) = 0, and hence, V'(z)F(z, ¢(z)) + 3tr D (z,¢(2))V"(x)D(z, $(x)) < 0 for all
r € R" and x # 0. Thus, H(x,u) = H(z,u) — H(z,¢(x)) = [u — ¢(2)]TRa[u — ¢(z)] > 0 so
that all the conditions of Theorem 3.3 are satisfied. Finally, since V(+) is radially unbounded

the zero solution x(t) = 0 to (3.61), with u(t) = ¢(z(t)) = —Ry'BTPx(t), is globally

asymptotically stable in probability. O

The optimal feedback control law ¢(z) in Corollary 3.2 is derived using the properties of
H(x,u) as defined in Theorem 3.3. Specifically, since H(x,u) = 2T Rix+uT Ryu+ 2T (ATP+
PA)x + 22T PBu+ ||o||?2T Pz it follows that ‘?;TQI =Ry > 0. Now, 2% = 2Ryu+2B" Pz =0

gives the unique global minimum of H(x,u). Hence, since ¢(z) minimizes H (z,u) it follows

that ¢(z) satisfies 22 = 0 or, equivalently, ¢(z) = —R; ' BT Pz,

3.4. Inverse Optimal Stochastic Control for Nonlinear Affine Sys-
tems

In this section, we specialize Theorem 3.3 to affine in the control systems. Specifically,
we construct nonlinear feedback controllers using a stochastic optimal control framework
that minimizes a nonlinear-nonquadratic performance criterion. This is accomplished by
choosing the controller such that the mapping of the infinitesimal generator of the Lyapunov
function is negative definite along the closed-loop system trajectories while providing suffi-
cient conditions for the existence of asymptotically stabilizing (in probability) solutions to

the stochastic. Hamilton-Jacobi-Bellman equation. Thus, these results provide a family of
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globally stabilizing controllers parameterized by the cost functional that is minimized.

The controllers obtained in this section are predicated on an inverse optimal stochastic
control problem [34,42,57,58,79,82,95]. In particular, to avoid the complexity in solving the
stochastic steady-state Hamilton-Jacobi-Bellman equation we do not attempt to minimize a
given cost functional, but rather, we parameterize a family of stochastically stabilizing con-
trollers that minimize some derived cost functional that provides flexibility in specifying the
control law. The performance integrand is shown to explicitly depend on the nonlinear sys-
tem dynamics, the Lyapunov function for the closed-loop system, and the stabilizing feedback
control law, wherein the coupling is introduced via the stochastic Hamilton-Jacobi-Bellman
equation. Hence, by varying parameters in the Lyapunov function and the performance in-
tegrand, the proposed framework can be used to characterize a class of globally stabilizing

in probability controllers that can meet closed-loop system response constraints.

Consider the nonlinear stochastic affine in the control dynamical system given by
da(t) = [f(z(t) + G(x(t)u(®)] dt + D(z(t))dw(t), x(0) =z, >0, (3.66)

where f : R™ — R" satisfies f(0) =0, G : R® — R™™ D : R" — R™ satisfies D(0) = 0,

D =R", and U = R™. Furthermore, we consider performance integrands L(z, u) of the form
L(z,u) = Li(x) + La(z)u + u" Ry(z)u, (3.67)
where L; : R" = R, Ly : R® — R™™ and R, : R® — P so that (3.42) becomes

T(zo,u(-)) = E [ /0 T (@ (t) + Lo(e()u(t) + u™(8) Ra(w(t) yu()]dt | (3.68)

Theorem 3.4. Consider the nonlinear controlled affine stochastic dynamical system
(3.66) with performance measure (3.68). Assume that there exists a two-times continuously

differentiable function V : R® — R and a function L, : R” — R™™ such that

V(0) =0, (3.69)
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Ly(0) =0, (3.70)
V(x) >0, r € R", x #0, (3.71)
V()| (o) ~ GO@R: () LX) ~ S0 R (0)C )V ()

1
+5tr DY (x)V"(x)D(x) <0, x€R" x#0, (3.72)

and V(z) — oo as ||z|| = oo. Then the zero solution z(t) = 0 of the closed-loop system
dz(t) = [f(z(t)) + G(x(t)p(x(t))]dt + D(z(t))dw(t), z(0) = zy, t>0, (3.73)
is globally asymptotically stable in probability with the feedback control law
¢(x) = =5y (2)[V'(2)G(z) + La(2)]", (3.74)
and the performance measure (3.68), with
Li(z) = ¢" (x) Ra(2)g(x) — V'(2) f(2) — %tr D (2)V"(2)D (=), (3.75)

is minimized in the sense that

T 6@l = min Toul)), R (3.70
Finally,
J(zo, d(x(+))) = V(z0), zo € R™. (3.77)

Proof. The result is a direct consequence of Theorem 3.3 with D = R", U = R™,
F(z,u) = f(z) + G(z)u, D(z,u) = D(z), and L(z,u) = Li(z) + Ly(z)u + u' Ry(x)u.

Specifically, with (3.67) the Hamiltonian has the form
1
H(z,u) = Li(z) + La(z)u + u Ry(z)u + V'(2)(f () + G(z)u) + St DY (x)V"(2)D(x).

Now, the feedback control law (3.74) is obtained by setting 2% = 0. With (3.74), it follows
that (3.69), (3.71), and (3.72) imply (3.43), (3.44), and (3.46), respectively. Next, since V(-)

erentiable and x = 0 is a local minimum of V'(+), it follows that
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V’(0) = 0, and hence, since by assumption Ls(0) = 0, it follows that ¢(0) = 0, which implies
(3.45). Next, with L;(x) given by (3.75) and ¢(x) given by (3.74), (3.47) holds. Finally,
since H(z,u) = H(z,u) — H(z,¢(x)) = [u — ¢(x)]T Ra(x)[u — ¢(x)] and Ry(x) is positive
definite for all x € R, condition (3.48) holds. The result now follows as a direct consequence

of Theorem 3.3. 0
Note that (3.72) is equivalent to
A 1
LV (z) =V'(z)[f(z) + G(x)d(x)] + étr DY (x)V"(x)D(x) <0, x€R", x#0, (3.78)

with ¢(x) given by (3.74). Furthermore, conditions (3.69), (3.71), and (3.78) ensure that
V(-) is a Lyapunov function for the closed-loop system (3.73). As discussed in [45], it
is important to recognize that the function Ly(x), which appears in the integrand of the
performance measure (3.67), is an arbitrary function of z € R™ subject to conditions (3.70)

and (3.72). Thus, Ly(z) provides flexibility in choosing the control law.
With L (x) given by (3.75) and ¢(z) given by (3.74), L(x,u) can be expressed as

L(z,u) = u" Ry(z)u — ¢" () Ro()p(x) + La(z)(u — ¢(x))
—V’(x)[f(ﬂc) + G(z)o(x)] — %tr DT(x)V//(x)D(x)
= [u+ 3Ry (@) L3 (1)) Ra(e) [u+ 3Ry (@) LY (2)] — V/()|f (a)

+G(2)(x)] — %u« D™ (@)V"(2)D(z) — 2V (2)G(x) Ry (2) G () V'™ (2)3.79)

Since Ry(z) > 0, x € R", the first term on the right-hand side of (3.79) is nonnegative, while
(3.78) implies that the second, third, and fourth terms collectively are nonnegative. Thus,
it follows that

L(z,u) > =1V (2)G(z) Ry (2)GT (2)V'" (2), (3.80)
which shows that L(x,u) may be negative. As a result, there may exist a control input u for

which the performance measure J(zg, u) is negative. However, if the control u is a regulation

controller, that is, u € S(x), then it follows from (3.76) and (3.77) that

I @ogtla)) V(o) > 0, xy € R", u(-) € S(xo). (3.81)
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Furthermore, in this case, substituting u = ¢(z) into (3.79) yields

Lz, ¢(x)) = =V'(2)[f(z) + G(x)d(x)] — %tr D*(2)V"(z)D(x), (3.82)

which, by (3.78), is positive.

Next, we specialize Theorem 3.4 to linear stochastic systems controlled by nonlinear
controllers that minimize a polynomial cost functional. For the following result let ¢ € R¢,
Ry € P", Ry € P, and }A%q e N g =2,...,r, be given, where r is a positive integer, and
define S = BR;'BT.

Corollary 3.3. Consider the linear controlled stochastic dynamical system (3.61). As-

sume that there exist P € P" and M, € N", ¢ = 2,...,r, such that

1 T 1
0 = (A + 5||a||21n) P+ P (A + §||0||2In) + R, — PSP, (3.83)

1 T 1 R
0= (A + 5(2q — Dlo||*L, — SP> M, + M, (A + 5(2q — Dlo||*L, — SP> + Ry,

q=2,...,7m. (3.84)
Then, the zero solution z(t) = 0 of the closed-loop system
dz(t) = (Az(t) + Bo(x(t)))dt + z(t)o dw(t), z(0) = zy, t>0, (3.85)
is globally asymptotically stable in probability with the feedback control law

¢(z) = —R;*B" (P + i(xTqu)q_qu> T, (3.86)

q=2
and the performance measure (3.68) with Ry(x) = Rs, La(z) = 0, and

Li(z) = 2" <R1 + i(xTqu)q—qu + {i(xTqu)q—qu} Ts

q=2 q=2

: Z(xTqu)q—quDx, (3.87)
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is minimized in the sense of (3.76). Finally,

J (0, (2(+))) = zf Pxo + Z T M) zo € R™. (3.88)

Proof. The result is a direct consequence of Theorem 3.4 with f(z) = Az, G(z) = B,

D(z) = 20", Ly(x) = 0, Ry(x) = Ry, and
V(z) =2 Pz + Z (¥ M,z)

Specifically, (3.69)—(3.71) are trivially satisfied. Next, it follows from (3.83), (3.84), and
(3.86) that

V'(@)[f(2) = 3G (2) Ry (2) G (2)V" (2)] + %tr DY (x)V"(z)D(x)
= 2 Rz — Z(xTqu)q—lequ — ¢"(z)Ragp()
i(xTqu)q_qu] S

q=2

Z(xTqu)q_qu] x

q=2

which implies (3.72), so that all the conditions of Theorem 3.4 are satisfied. O

Corollary 3.3 requires the solutions of r — 1 modified Riccati equations in (3.84) to obtain
the optimal controller (3.86). It is important to note that the derived performance measure

weighs the state variables by arbitrary even powers. Furthermore, J(xg, u(-)) has the form

/0 m{ <R1+Z - IR) £(t) + u" (t) Ryu(?)

+o% (@ (t)) Ragne (x(t)) }dt] ;

J(zg,u()) = E*

where ¢ni,(2) is the nonlinear part of the optimal feedback control

é(x) = ¢r(z) + onu(),

where ¢p.(z) = —R;'BT Pz and ¢ni.(z) = —R;'BT > ot Myz) = M.

56

www.manharaa.com




Remark 3.4. Corollary 3.3 generalizes the stochastic nonlinear-nonquadratic optimal
control problem considered in [100] to polynomial performance criteria. Specifically, unlike
the results of [100], Corollary 3.3 is not limited to sixth-order cost functionals and cubic
nonlinear controllers but rather addresses a polynomial performance criterion of an arbitrary

even order.

Remark 3.5. General nonquadratic cost functions can result in nonlinear controllers
that yield a faster than exponential closed-loop system response. Alternatively, when the
nonlinear-nonquadratic performance measure involves terms of order z?, where p < 2, then
we have a subquadratic cost criterion, which pays close attention to the system state near
the origin. In this case, the optimal controller is sublinear, and hence, exhibits finite settling

time behavior [48]. This is further discussed in Chapter 5.

Next, we specialize Theorem 3.4 to linear stochastic systems controlled by nonlinear
controllers that minimize a multilinear cost functional. For the following result recall the
definition of S and let Ry € P*, Ry € P, and qu e N@an) g =2 . . r be given, where r

is a given integer and N7 £ { € R glHl > 0, 2 € R}

Corollary 3.4. Consider the linear controlled stochastic dynamical system (3.61). As-

sume that there exist P € P" and Pq e NCan) g =2 . r such that

1 B 1
0= (A + 5\|a||21n) P+P (A + 5\|a||21n> + R, — PSP, (3.89)
L T 1 .
0=P, Fe (A + 520 = Dlol*1, - SP)] YRy q=2,....7 (3.90)

a.s.

Then the zero solution z(t) = 0 of the closed-loop system (3.85) is globally asymptotically

stable in probability with the feedback control law

¢(r) = =Ry BT (Px + 3¢ (x)), (3.91)
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where g(z) = D a2 P,z?4 and the performance measure (3.68) with Ry(z) = Ry, La(z) = 0,
and

Li(x) = 2" Rz + Z Roygz?d + }lg'(x)Sg'T(x), (3.92)

q=2

is minimized in the sense of (3.76). Finally,

J(wo, d(x(-) = 23 Pro+ Y Bag?,  xp € R™ (3.93)

q=2

Proof. The result is a direct consequence of Theorem 3.4 with f(z) = Az, G(z) = B,
D(z) = wo", Ly(x) = 0, Ry(x) = Ry, and V(z) = a"Px + 37, Pl Specifically,
(3.69)—(3.71) are trivially satisfied. Next, it follows from (3.89)-(3.91) that

V'(@)[f () = 3G (2) Ry ()G @)V ()] + %tr DY (x)V"(z) D(x)

= —ZL'TRll‘ — Zf%gqf[zq] - d)T(x)Rqu(x) - igl(l’)sng(l’),

q=2
which implies (3.72) so that all the conditions of Theorem 3.4 are satisfied. O
Note that since
1 . 1
§(@)(A = SP)a + str(o™) g (@)(w0") = 3 B[ & (A+ 520 = Dllo|*L, — SP) a2,
q=2

it follows that (3.90) can be equivalently written as
1 U
0= 5t]r(g;o—T)Tg"(a:)(:mT) +g (@) (A= SP)z+ ) RpaP’, zeR",
q=2
and hence, it follows from Lemma 3.1 that there exists a unique Pq € N'@a™ such that (3.90)

is satisfied.

Remark 3.6. Corollary 3.4 generalizes the deterministic nonlinear feedback controller

results obtained by Bass and Webber in [11] to stochastic nonlinear feedback control.
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3.5. Illustrative Numerical Examples

In this section, we present two numerical examples to demonstrate the efficacy of the

proposed approach.

Example 3.1. First, we consider an academic example involving the two-state controlled

nonlinear stochastic dynamical system given by

doi(t) = —x(t)dt + uy(t)dt + 25 (t)dw(t), 21(0) = 210, t >0, (3.94)
dzo(t) = —a3(t)dt + ug(t)dt + 21 (t)dw(t), 72(0) = 29, (3.95)

and note that (5.97) and (5.98) can be cast in the form of (3.66) with f(z) = [—x, —3]T,
G(z) = I, and D(z) = [22, 21]T, where z = [z; 25]7. To construct an inverse optimal
globally stabilizing control law for (5.97) and (5.98), let V(z) = $2% + 123 and let L(z,u) =
Li(z) + La(x)u + uT Ryu, where Ry > 0. Now, Ly(z) = zT satisfies (3.70) so that the inverse
optimal control law (3.74) is given by ¢(x) = —R; ' x. In this case, the performance measure
(3.68), with L;(z) = "Ry 'z + 127 + 124, is minimized in the sense of (3.76). Furthermore,

since V(z) is radially unbounded and
LV(z) =—z"Ry'z — Lot — a3 <0, r € R?, x #0, (3.96)
the feedback control law ¢(x) = —R; 'z is globally stabilizing in probability.
Let x(0) = [1, —1]T a.s. and Ry = 4I,. Figure 3.1 shows the sample average along with
the standard deviation of the controlled system state versus time, whereas Figure 3.2 shows

the sample average along with the standard deviation of the corresponding control signal

versus time for 20 sample paths. A

Example 3.2. Consider the pitch axis longitudinal dynamics model of the F-16 fighter
aircraft system for nominal flight conditions at 3000 ft and Mach number of 0.6 with stochas-

tic disturbances given by ([45])

da(t)=JAa(t)+ Bu(t)|dt + z(t)o dw(t), z(0) = x¢, >0, (3.97)
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10 16
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Figure 3.1: Sample average along with the sample standard deviation

of the closed-loop
system trajectory versus time; x(¢) in blue and x5(t) in red.

04

Control

10 16
Time [Sec|

Figure 3.2: Sample average along with the sample standard deviation of the control signal
versus time; u;(t) in blue and wus(t) in red.

where z 2 [1 x5 23]T, u = [u1 us]T, 1 is the pitch angle, x5 is the pitch rate, 3 is the angle
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of attack, u; is the elevator deflection, us is the flaperon deflection, and

0 1.00 0 0 0
A= 0 —-087 4322 |, B=| —-1725 —-1.58 |, o =0.5.
0 099 -1.34 —-0.17 —-0.25

In order to design an inverse optimal control law for the controlled stochastic dynamical

system (3.97) consider the Lyapunov function candidate given by
V(z) =2 Pr + Z (T M,x) (3.98)

where P € P" and M, € N*, ¢ = 2,3. Now, letting L(z,u) = Li(x) + u" Ryu, where Ry > 0,
it follows from Corollary 3.3 that

0.3773 0.0039 —0.0307 0.0740 —0.0778 —0.0266
P =1 0.0039 0.0032 0.0010 |, M, = | —0.0778 0.0836  0.0236 |,
—0.0307 0.0010  0.0906 —0.0266 0.0236  0.0354
0.0005 —0.0003 —0.0013
Ms; = | —0.0003 0.0008 —0.0011

Y

—0.0013 —0.0011 0.0140

satisfy (3.83) and (3.84) for Ry = 0.3I5, Ry = 0.0115, Ry = 0.115, and

) 0 0 0
Ry={0 005 0
0 0 005

In this case, the feedback control law
3
é(z) = —R;'B" (P + Z(xTqu)q—qu> x
q=2
globally stabilizes in probability the controlled dynamical system (3.97). Furthermore, the
performance measure (3.68), with

Li(z) = 2" (Rl + i(xTqu)q—lfzq + [i(xTqu)q—qu] TS

q=2

: i(xTqu)q—quDx,

q=2
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is minimized in the sense of (3.76).

Figure 6.6 shows the sample average along with the standard deviation of the controlled
system state versus time, whereas Figure 6.7 shows the sample average along with the stan-
dard deviation of the corresponding control signal versus time for x(0) % [0.5, —0.1, 0.1]"
for 20 sample paths. This controller is compared with the Speyer controller [100] involving a
sixth-order cost functional and a cubic-order controller (¢ = 2 in (3.98)) in Figures 3.5 and

3.6. A

0.7 T T T T T T T

State

5
Time [Sec]

Figure 3.3: Sample average along with the sample standard deviation of the closed-loop
system trajectory versus time; x1(t) in blue, x5(t) in red, and x3(¢) in green.
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Figure 3.4: Sample average along with the sample standard deviation of the control signal
versus time; u;(¢) in blue and us(¢) in red.

0.7

0.6

State

5
Time [Sec|

Figure 3.5: Sample average along with the sample standard deviation of the closed-loop
system trajectory versus time; x1(t) in blue, x5(t) in red, and x3(¢) in green.
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Figure 3.6: Sample average along with the sample standard deviation of the control signal

versus time; u;(f) in blue and wuy(t) in red.
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Chapter 4

Partial-State Stabilization and Optimal Feedback
Control for Stochastic Dynamical Systems

4.1. Introduction

In this chapter, we extend the framework developed in [69] to address the problem of
optimal partial-state stochastic stabilization. Specifically, we consider a notion of optimality
that is directly related to a given Lyapunov function that is positive definite and decrescent
with respect to part of the system state. In particular, an optimal partial-state stochastic
stabilization control problem is stated and sufficient Hamilton-Jacobi-Bellman conditions are
used to characterize an optimal feedback controller. Another important application of partial
stability and partial stabilization theory is the unification it provides between time-invariant
stability theory and stability theory for time-varying systems [28,45]. We exploit this unifi-
cation and specialize our results to address optimal linear and nonlinear regulation for linear
and nonlinear time-varying stochastic systems with quadratic and nonlinear-nonquadratic

cost functionals.

More specifically, in Section 4.2, we establish additional notation, definitions, and present
some basic results on partial stability of nonlinear stochastic dynamical systems. Then, in
Section 4.3, we consider a stochastic nonlinear system with a performance functional eval-
uated over the infinite horizon. The performance functional is then evaluated in terms of a

Lyapunov function that guarantees partial asymptotic stability in probability. We then state
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a stochastic optimal control problem and provide sufficient conditions for characterizing an
optimal nonlinear feedback controller guaranteeing partial asymptotic stability in probabil-
ity of the closed-loop system. These results are then used to address a stochastic optimal
control problem for uniform asymptotic stabilization in probability of nonlinear time-varying

stochastic dynamical systems.

In Section 4.5, we specialize the results developed in Section 4.3 to affine in the control
dynamical systems as well as provide connections to the time-varying, stochastic linear-
quadratic regulator problem [64]. In Section 4.5, we develop optimal feedback controllers
for affine stochastic nonlinear systems using an inverse optimality framework tailored to the
partial-state stochastic stabilization problem. This result is then used to derive time-varying
extensions of the results in [11,100] involving nonlinear feedback controllers minimizing poly-
nomial and multilinear performance criteria. In Section 4.6, we provide several illustrative
numerical examples that highlight the optimal partial-state stochastic stabilization frame-

work.
4.2. Definitions and Mathematical Preliminaries

In this chapter, we consider nonlinear stochastic autonomous dynamical systems G of the

form

dZL’l(t) = fl(l'l(t), Ig(t))dt + D1<J]1(t),l’2(t))dUJ(t), l‘l(to) = 10, t Z to, (41)
dl’g(t) = fQ(ZL‘l (t), l’g(t))dt + DQ(J]l (t)7 Jfg(t))dw(t), IL‘Q(to) = T90, (42)

where, for every ¢t > to, 1(t) € H} and x5(t) € H,, are such that x(t) = ERG! xQT(t)}T
is a Fp-measurable random state vector, z(tg) € HE x H,,, D C R™ is an open set with
0 € D, w(t) is a d-dimensional independent standard Wiener process (i.e., Brownian motion)
defined on a complete filtered probability space (2, F,{F:}i>t,, P), 2(to) is independent of
(w(t) —w(ty)),t > to, and fi : D x R™ — R™ is such that, for every x5 € R"2 f1(0,25) =0

aldf1(snaig)misddocally Lipschitz continuous in x;, and fy : D x R"™ — R™ is such that,
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for every x; € D, fa(xy,-) is locally Lipschitz continuous in z. In addition, the function
D; : D x R™ — R™*4 ig continuous such that, for every z, € R"2, D;(0,25) = 0, and

Dy : D x R™ — R™*4 ig continuous.

A R™*2_valued stochastic process z : [tg, 7] X2 — DxR"™ is said to be a solution of (4.1)
and (4.2) on the interval [to, 7] with initial condition z(tg) = ¢ a.s., if x(-) is progressively
measurable (i.e., z(-) is nonanticipating and measurable in ¢ and w) with respect to {F; }i>4,,
flar, o) & [ff (21, 22), 5 (21, 2)]" € LYQF,P), D(wr,22) = [Df (21, 22), Dy (1, 22)]" €
L£2(Q, F,P), and

x(t) :x0+/t f(a:(s))d5+/t D(z(s))dw(s) a.s., t€ [to, ], (4.3)

where the integrals in (4.3) are It6 integrals. Note that for each fixed t > ty, the random
variable w — z(t,w) assigns a vector z(w) to every outcome w € € of an experiment, and
for each fixed w € €, the mapping ¢t — z(t,w) is the sample path of the stochastic process
x(t), t > ty. A pathwise solution ¢ — x(t) of (4.1) and (4.2) in (Q, {Ft}t>,, P*0) is said
to be right maximally defined if x cannot be extended (either uniquely or non-uniquely)
forward in time. We assume that all right maximal pathwise solutions to (4.1) and (4.2)
in (9, {Fi}>t,, P™) exist on [tg, 00), and hence, we assume that (4.1) and (4.2) is forward
complete. Sufficient conditions for forward completeness or global solutions to (4.1) and (4.2)

are given by Corollary 6.3.5 of [6].

Furthermore, we assume that f : D x R" — R™*"2 and D : D x R" — Rutn2)xd

satisfy the uniform Lipschitz continuity condition
1f (@) = fFWl + [I1D(x) = DW)llr < Lllz —yll, 2,y € DxR™, (4.4)
and the growth restriction condition
If@)1* + 1D(@)lF < L*(1 + [|l2]]*), 2 €D xR™, (4.5)

for some Lipschitz constant L > 0, and hence, since x(tg) € HE x H,, and z(ty) is indepen-

dentyol (w () mtu(to))sitentos it follows that there exists a unique solution z € £*(Q, F,P)
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of (4.1) and (4.2) in the following sense. For every x € H2 x H,, there exists 7, > 0 such
that, if z1 : [to, 7] X @ — D x R™ and ay1 : [to, 2] X @ — D x R™ are two solutions of
(4.1) and (4.2); that is, if x1, zp € £2(Q, F,P), with continuous sample paths almost surely,
solve (4.1) and (4.2), then 7, < min{m, 7} and P(z1(t) = zu(t), to <t < 7,) = 1. Suffi-
cient conditions for forward existence and uniqueness in the absence of the uniform Lipschitz

continuity condition and growth restriction condition can be found in [105,114].

A solution t — [z](t),z3(t)]T is said to be regular if and only if P™(7° = o0) = 1
for all z(0) € HE X H,,, where 7° is the first stopping time of the solution to (4.1) and
(4.2) from every bounded domain in D x R™. Recall that regularity of solutions imply
that solutions exist for ¢ > ¢y, almost surely. Here, we assume regularity of solutions to
(4.1) and (4.2), and hence, 7, = oo [67, p.75]. Moreover, the unique solution determines
a R™*"2_valued, time-homogeneous Feller continuous Markov process z(-), and hence, its
stationary Feller transition probability function is given by ([67, Th. 3.4], [6, Thm. 9.2.8])
P(z(t) € Blx(ty) = x0) = P(t — to, 70,0, B) for all 2y € D x R" and ¢t > t;, and all Borel
subsets B of D x R"2, where P(s,xz,t,B),t > s, denotes the probability of transition of the
point x € D x R™ at time instant s into the set B C D x R™ at time instant ¢. Finally,
recall that every continuous process with Feller transition probability function is also a strong

Markov process [67, p. 101].

Definition 4.1 [83, Def. 7.7]. Let z(-) be a time-homogeneous Markov process in HE x
H,, and let V' : D x R"™ — R. Then the infinitesimal generator L of z(t), t > 0, with

x(0) =z a.s., is defined by

£V (a0) 2 lim BV @)= V()

t—0t t

, Xg € D x R", (46)

If V € C? and has a compact support, and z(t), t > to, satisfies (4.1) and (4.2), then
the limit in (4.6) exists for all € D x R" and the infinitesimal generator £ of z(t), t > to,

can be characterized by the system drift and diffusion functions f(x) and D(z) defining the
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stochastic dynamical system (4.1) and (4.2) with system state z(t), t¢ > to, and is given by
(183, Thm. 7.9])

5 V@) gy 4 %tr DT(x)anI (@)

D(z), x€DxR™. (4.7)
In the following definition we introduce the notion of stochastic partial stability.

Definition 4.2. i) The nonlinear stochastic dynamical system G given by (4.1) and (4.2)
is Lyapunov stable in probability with respect to x1 uniformly in xoq if, for every € > 0 and

p € (0,1), there exist 6 = §(p,e) > 0 such that, for all 21y € B;(0),

t>to

po (sup lz1 ()| < 6) >1—p (4.8)
for all t > 0 and all x99 € R™2.

it) G is asymptotically stable in probability with respect to xy uniformly in x99 if G is

Lyapunov stable in probability with respect to x; uniformly in x5y and

lim Pfo(tlgg |z1(8)]| = o) —1 (4.9)

x10—0

uniformly in x9g for all z9y € R™2.

i11) G is globally asymptotically stable in probability with respect to x1 uniformly in xqg if G
is Lyapunov stable in probability with respect to z; uniformly in z9y and P*° (hmt_m |x1(8)]]

= 0) = 1 holds uniformly in xqg for all (x19,z9) € R™ x R"2.

Remark 4.1. It is important to note that there is a key difference between the stochastic
partial stability definitions given in Definitions 4.2 and the definitions of stochastic partial
stability given in [96]. In particular, the stochastic partial stability definitions given in [96]
require that both the initial conditions x5 and 9 lie in a neighborhood of origin, whereas
in Definition 4.2 x5y can be arbitrary. As will be seen below, this difference allows us to unify

autonomous.stochastic.partial stability theory with time-varying stochastic stability theory.
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An additional difference between our formulation of the stochastic partial stability problem
and the stochastic partial stability problem considered in [96] is in the treatment of the
equilibrium of (4.1) and (4.2). Specifically, in our formulation we require the weaker partial
equilibrium condition f;(0,22) = 0 and D;(0, z9) = 0 for every zo € R™?, whereas in [96] the
author requires the stronger equilibrium condition f;(0,0) = 0, f2(0,0) = 0, D4(0,0) = 0,

and D5(0,0) = 0.

Remark 4.2. As far as the analysis and synthesis problem considered in Chapter 3,
a more general stochastic stability notion can also be introduced here involving stochastic
stability and convergence to an invariant (stationary) distribution. In this case, state conver-
gence is not to an equilibrium point but rather to a stationary distribution. This framework
can relax the vanishing perturbation assumption D;(0,z5) = 0, zo € R" and requires a
more involved analysis and synthesis framework showing stability of the underlying Markov

semigroup [78].

As shown in [45] and [28], an important application of deterministic partial stability the-
ory is the unification it provides between time-invariant stability theory and stability theory
for time-varying systems. A similar unification can be provided for stochastic dynamical
systems. Specifically, consider the nonlinear time-varying stochastic dynamical system given
by

a.s

da(t) = f(t,2(t)dt + D(t, x(t))dw(t), x(t)) = z0, > to, (4.10)

where, for every t > to, x(t) € HP, D C R™, D is an open set with 0 € D, f(¢,0) = 0,
D(t,0) =0, and f : [tg,00) x D — R™ and D : [ty,00) x D — R™ 4 are jointly continuous in
t and z, and satisfy (4.4) and (4.5) for all © € D uniformly in ¢ for all ¢ in compact subsets
of [tg,00). Now, defining z,(7) £ x(t) and x5(7) = t a.s., where 7 = t — tg, it follows that
the solution z(t), t > ty, to the nonlinear time-varying stochastic dynamical system (4.10)

can be equivalently characterized by the solution z;(7), 7 > 0, to the nonlinear autonomous
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stochastic dynamical system

dzy (1) = f(2a(7), 21(7))dT + D(22(7), 21 (7))dw(t), x1(0) = 29, 7 >0, (4.11)
doo(r) =dr,  22(0) = to. (4.12)
Note that (4.11) and (4.12) are in the same form as the system given by (4.1) and (4.2),
and Definition 4.2 applied to (4.11) and (4.12) specializes to the definitions of uniform
Lyapunov stability in probability, uniform asymptotic stability in probability, and global

uniform asymptotic stability in probability of (4.10); for details see [6,68].

Next, we provide sufficient conditions for partial stability of the nonlinear stochastic

dynamical system given by (4.1) and (4.2).

Theorem 4.1. Consider the nonlinear stochastic dynamical system (4.1) and (4.2).

Then the following statements hold:

i) If there exist a two-times continuously differentiable function V' : D x R™ — R and

class KC functions «(-), 5(+), and (-) such that, for all (x1,z5) € D x R"2,

afllze]]) < V(xy, 22) < B(||21]]), (4.13)
AV (1, AV (1, 1 82V (x4,
gxll xz)f1(9517$2) + %ﬁ(l‘b 952) + 5’51‘ DlT(»’Ul, xz)%l)l(lﬂh 513'2)
1 82V (x4,
i DT a) T b ) < (), (4.14)

2 dx3
then the nonlinear dynamical system given by (4.1) and (4.2) is asymptotically stable in

probability with respect to x; uniformly in x9g.

i1) If there exist a two-times continuously differentiable function V' : R™ xR — R, class
Ko functions «a(-) and f(-), and a class K function v(-) satisfying (4.13) and (4.14), then
the nonlinear dynamical system given by (4.1) and (4.2) is globally asymptotically stable in

probability with respect to x; uniformly in x9q.

Proof: i) Let 299 € R™, let £ > 0 be such that B.(0) C D, let p > 0, and define D, , £

{@1 € B:(0) i Vi @agiao)u<sci(e ) p}. Since V (-, -) is continuous and V(0,25) = 0, 25 € R™, it
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follows that D, , is nonempty and there exists § = (e, p) > 0 such that V(z1,29) < a(e)p,
z1 € Bs(0). Hence, Bs(0) € D.,. Next, it follows from (4.14) that V(zi(t),z2(t)) is a
(positive) supermartingale [67, Lemma 5.4], and hence, for every z;(0) € H O C e,

it follows from (4.13) and the extended version of the Markov inequality for monotonically

increasing functions [41, p. 193] that

o (gt <) < 20D

>0 t>0 04(5)
< sy F G0
) E*0[V (21 (0), 22(0))]
= a(e)

<p

— )

which proves partial Lyapunov stability in probability with respect to x; uniformly in x5.

To prove partial asymptotic stability in probability with respect to x1, note that it follows
from (4.13) and (4.14) that

LV (z1,25) < —v(|1]]) < =y o B7H(V(21,2)), (w1,22) € D x R™.

Furthermore, it follows from partial Lyapunov stability in probability that B.(0) x R"2 is
an invariant set with respect to the solutions of (4.1) and (4.2) as ¢ — 0, and hence, using
Corollary 4.2 of [75] with n(-) = y087(+) it follows that lim_,. yo 8~V (21 (t), 22(t))) = 0.
Furthermore, using the properties of the class IC functions a(-), 5(+), and ~y(-) it follows that
limy o0 V' (21(t), 22(t)) = 0, which yields limy oo a(||21()|]) < limy oo V(z1(2), 22(2)) %= 0.
Hence, lim; o () 2% 0 as x19 — 0, which proves partial asymptotic stability in probability

with respect to x; uniformly in 4.

i1) Finally, for D = R™ globally asymptotically stable in probability with respect to x;
uniformly in x9 is direct consequence of the radially unbounded condition on V(-,-) using

standard arguments and the fact that a(-) and 5(-) are class Ko, functions. O
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4.3. Stochastic Optimal Partial-State Stabilization

In the first part of this section, we provide connections between Lyapunov functions and
nonquadratic cost evaluation. Specifically, we consider the problem of evaluating a nonlinear-
nonquadratic performance measure that depends on the solution of the stochastic nonlinear
dynamical system given by (4.1) and (4.2). In particular, we show that the nonlinear-

nonquadratic performance measure

J(Ilo,l'go) = E*o |:/0OO L(l‘l(t),l’g(t))dt s (415)

where L : R™ x R"™ — R is jointly continuous in x; and x5, and z;(¢) and xo(t), t > 0,
satisfy (4.1) and (4.2), can be evaluated in a convenient form so long as (4.1) and (4.2)
are related to an underlying Lyapunov function that is positive definite and decrescent with
respect to x1 and proves asymptotic stability in probability of (4.1) and (4.2) with respect

to x; uniformly in 9.

Theorem 4.2. Consider the nonlinear stochastic dynamical system G given by (4.1) and
(4.2) with performance measure (4.15). Assume that there exist a two-times continuously
differentiable function V' : R™ x R" — R, class K, functions a(-) and 5(-), and a class K

function (-) such that, for all (z1,z;) € R™ x R"2,

aflzil]) < V(xy, x2) < B(|21l), (4.16)
oV (xy, x oV (xy,x 1 O*V (21, x
%fi(.ﬂl,l@) + %fﬁ(l’l,ﬂ?g) + Etr D;r(l'l, xQ)%Dl(xl, .Z'Q)
1 0%V (x,
+ gt D o, 2) =T D 01, ) < (), (17)
T
oV (x4, oV (w1,
L(xy,29) + (nglm)fl(%’xz) + %ﬁ(%l,%)
1 O*V (x,x 1 O*V (x1, x
+ §tr DT(Il,xg)#Dl(l‘l,xg) —|— §tI' D2T<CL’1, l‘Q)%DQ(l’l, 1‘2) = O
(4.18)

Then the nonlinear stochastic dynamical system G is globally asymptotically stable in prob-
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ability with respect to x; uniformly in w9y and, for all (z19, z90) € R™ x R"2

J(ZElo,xzo) = V($10,$20). (419)

Proof: Let x;(t) and z5(t), t > t, satisfy (4.1) and (4.2). Then (4.16) and (4.17) are
a restatement (4.13) and (4.14), and hence, it follows from Theorem 4.1 that the system G
is globally asymptotically stable in probability with respect to x; uniformly in z5y. Conse-

quently, Po ( limy o |21 (2)]| = O) =1 holds for all initial conditions (z19, z29) € R™ x R"2.

Next, using [t6’s (chain rule) formula, it follows that the stochastic differential of V'(xy(¢),
x9(t)) along the system trajectories z1(t) and zo(t), t > to, is given by

AV (21(1), 22(t)) = <8V(“§2’ 220) (1), 1o(1)) + av(‘“gg; L) ¢ (1), 2a()

OV (w1(t), w2(t))
ox?
4 %tr DT (21 (1), 2a(1)) 2 V(xla(?%’ 220) b, (1), :Ug(t))> dt
IV (z(1))
ox

+ %tr DlT(iL'l(t), x2(t))

Dy (w1(t), z2(t))

+ D(x1(t), 2o(t))dw(t). (4.20)

Hence, using (4.18) it follows that

L(z1(t), 22(£))dt + AV (21 (£), 2a(t))

- (L(xl(t), (1)) + av(“ggl’ 220 o, (1), 2a0)) +

I r PV (21(t), wo(t))
+ §tr Dy (z1(t), xo(t)) a2
N % tx DT(a1(0),23 (t))a V(:cla(;)g, w9(t)) Dz(xl(t),xz(t))> dt
N wmm(w, ra(t))dw(t)
_ V()
ox

IV (z1(t), z2(1))
0xo

foz1(t), 25(1))

Dy(a1(2), 22(t))

D(@1(t), z2(t))dw(t). (4.21)

Let {t,}>°, be a monotonic sequence of positive numbers with ¢, — 0o as n — oo,

: ) first.exit (stopping) time of the solution x4 (t) and xo(t), t > to, from
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the set By, (0), and let 7 = lim,,_,o0 7. Now, integrating (4.21) over [ty, min{t,, 7, }], where

(n,m) € Zy X Z,, yields
min{tn,7m }
/ L(z1(t), z2(t)) dt

’ min{tn,mm } min{tn,mm } T
= —/ dV(:icl(t),:v2(t))—|—/ wD(xl(t),@(t))dw(t)

to to ox
= V(z1(to), za(to)) — V(21 (min{t,, 7n}), zo(min{t,, 7 }))

min{tpn,m } T
N / V) 1o (), aa(8)) o (2). (4.22)

to Ox

Next, taking the expectation on both sides of (4.22) yields

min{ty,mm }
/ L1 (), 22(8)) dt]

to

E*

= [0 |:V(x1(t0)7 2(to)) — V(w1 (min{tn, 7in}), 22 (min{tn, 7in}))

min{tn,7m } T
+/ wD(xl(t), xo(t))dw(t)

to ox
= V(.Tl(), .Tg()) — E*° [V(xl(min{tn, Tm}), xz(min{tn, Tm}))] . (423)

Now, noting that L(z1,x2) > 0, (z1,22) € R™ X R, the sequence of random variables

{fn,m}%?m:o g Hl, where

min{tn,7m }
fan® [ L0, aatt)at,
to
is a pointwise nondecreasing sequence in n and m of nonnegative F;-measurable random
variables on ). Moreover, defining the improper integral
[e.e]
/ L (1), 2o(8))dt
to

as the limit of a sequence of proper integrals, it follows from the Lebesgue monotone con-

vergence theorem [3] that

min{ty,7m }
lim lim B [ / L (£), 2a(8)) dt]

to

mM—00 N—00

= lim E*
m—00

min{ty,7m }
lim / Ly (1), 2o(1)) dt
t

n—oo

1)
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_ g [ lim /t:" L(z1 (£), 22(8)) dt]

m— 00

_ g [ / " Ll (1), ma(1) dt]

to

= J(l‘lo,CCQ()). (424)

Next, since G is globally asymptotically stable in probability with respect to x; uniformly
in xe, V(+,-) is continuous, V(z1(t),z2(t)), t > to, is positive supermartingale by (4.17)

and [67, Lemma 5.4] it follows from [67, Theorem 5.1] that

lim lim E* [V (zy(min{t,, 7 }), zo(min{t,, 7, }))]

m—00 N—00

= lim E*° [lim V(ml(min{tn,Tm}),xg(min{tn,Tm}))]

m— o0 n—o0

= E"o [um lim V(ml(min{tn,Tm}),mg(min{tn,Tm}))] . (4.25)

mM—>00 N—00

Now, it follows from (4.16) that

mM—00 N—r00

Vw10, 220) = E [ lim_Tim 8 (|2 (min{ta, 7 })I])]

<V (210, 229) — E™ [ lim lim V(xl(min{tn,Tm}),x2(min{tn,Tm}))]

mM—00 N—r00

<V (210, 229) — E™ [ lim lim o (||:c1(min{tn,7'm})||)] , (4.26)

mM—00 N—r00
and hence, taking the limit as n — oo and m — oo on both sides of (4.23), using (4.24) and

(4.25), and using the continuity of «(-) and f(-), we obtain

V (210, 220) — E™ [5 ( lim lim ||m1(min{tn,7'm})||)]

mM—00 N—00

< J(901079020) < V($10,$20) —E™ [04 (TAI_TPOO nh_>nolo ||m1(min{tn,7'm})||)] .
(4.27)

Finally, using Pmo(limt_}oo lz1 ()| = 0) = 1 for all (z10,22) € R™ x R™, (4.19) is a

direct consequence of (4.27). O

The following corollary to Theorem 4.2 considers the nonautonomous stochastic dynam-

ical system (4.10) with performance measure

J(to, mo) = E” { / h L(t, x(t))dt} : (4.28)

to
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where L : [ty,00) x R® — R is jointly continuous in ¢ and z, and z(t), t > to, satisfies (4.10).

Corollary 4.1. Consider the nonlinear time-varying stochastic dynamical system (4.10)
with performance measure (4.28). Assume that there exist a two-times continuously differ-
entiable function V' : [tp,00) x R" — R, class K functions «a(-) and £(-), and a class K

function v(-) such that, for all (¢,z) € [tg, 00) x R™,

a(llzl)) < V(t,2) < B([l=l), (4.29)
8Vg;, ?) + 3V0(2;, w>f(t,x) + %tr DT(t,m)%D(t, z) < —y(||=]), (4.30)
ov(t,x) IV (t,x) 1 T 0?V(t, )

Then the stochastic nonlinear dynamical system (4.10) is globally uniformly asymptotically

stable in probability and J(to, zo) = V(t9, zo) for all (¢, o) € [0,00) x R™.

Proof: The result is a direct consequence of Theorem 4.2 with ny = n, ny = 1, 21 (t—to) =

ZE(t), C(]Q(t—to) = t, fl(ZL‘hZL’Q) = f1($271’1) = f(t,[E), fg(l’l,l‘g) = ]_, Dl(l’l,l'2> = Dl(IL‘Q,[El) =
D(t,z), Do(xq1,22) =0, and V (z1,29) = V(x9,21) = V (¢, ). O

Next, we use the framework developed in Theorem 4.2 to obtain a characterization of
stochastic optimal feedback controllers that guarantee closed-loop, partial-state stabilization
in probability. Specifically, sufficient conditions for optimality are given in a form that
corresponds to a steady-state version of the stochastic Hamilton-Jacobi-Bellman equation.
To address the problem of characterizing partially stabilizing feedback controllers, consider
the nonlinear controlled stochastic dynamical system

dzi(t) = Fi(z1(t), 2o(t), w(t))dt + Di(z1(t), 2o(t), u(t))dw(t), z(0) % z19, >0,

(4.32)

Ay (t) = Fa(z1(t), mo(t), w(t))dt + Do(x1(t), 2o(t), u(t))dw(t), x2(0) %= g, (4.33)
where, for every t > 0, z1(t) € Hy,, 22(t) € Hyy, u(t) € Hyp, Fi : R™ X R™ x R — R™,
Fy :R™ x R x R™ — R™, Dy : R™ x R™ x R™ — R™*4 D, : R™M x R"2 x R™ — R"2X4,
aidF o (05@95.0)=0-andDy(0, 22, 0) = 0 for every x5 € R™.
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Here we assume that u(-) satisfies sufficient regularity conditions such that (4.32) and
(4.33) has a unique solution forward in time. Specifically, we assume that the control pro-
cess u(-) in (4.32) and (4.33) is restricted to the class of admissible controls consisting of
measurable functions u(-) adapted to the filtration {F;}i>0 such that u(t) € H,,, t > 0, and,
for all ¢ > s, w(t) — w(s) is independent of u(7),w(r),7 < s, and x(0) = [z](0), 25 (0)]7T,
and hence, u(-) is nonanticipative. Furthermore, we assume u(-) takes values in a compact,
metrizable set ¢ and the uniform Lipschitz continuity and growth conditions (4.4) and (4.5)
hold for the controlled drift and diffusion terms F(zy, x2,u) £ [F (21, 2o, u), Fyf (21, 79, u)]T
and D(x1,29,u) 2 [DT (21, 29, u), DY (21, 2, u)]" uniformly in «. In this case, it follows from
Theorem 2.2.4 of [5] that there exists a pathwise unique solution to (4.32) and (4.33) in

(Q’ {]:}tZO’ Pxo)'

A measurable function ¢ : R" x R" — R™ satisfying ¢(0,z3) = 0, zo € R is called a
control law. If u(t) = ¢(x1(t), z2(t)), t > 0, where ¢(-,-) is a control law and x;(t) and x(t)
satisfy (4.32) and (4.33), then we call u(-) a feedback control law. Note that the feedback
control law is an admissible control since ¢(xy(t),z2(t)) € Hpm, t > 0. Given a control law
¢(-,+) and a feedback control law w(t) = ¢(x1(t), z2(t)), t > 0, the closed-loop system (4.32)

and (4.33) is given by

day (1) = Fr(z1 (), 22(t), (a1 (1), 22(1)))dt + Dy (2:1(1), 22(1), (21(1), 22 (1)) dw(?),

a.s

.lel(O) = 10, t> 0, (434)

daa(t) = Fy(21(t), 22(t), (a1 (1), 22(1)))dt + Do (21 (1), 22(1), (21(1), (1)) dw(?),

IQ(O) 82' T90- (435)

Next, we present a main theorem for partial-state stabilization in probability charac-
terizing feedback controllers that guarantee partial closed-loop stability in probability and
minimize a nonlinear-nonquadratic performance functional. For the statement of this result,

let L : R™ x R™ x R™ — R be jointly continuous in x1, 5, and u, and define the set of
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partial regulation controllers given by
S(21(0),22(0)) £ {u() :u(+) is admissible and x1(-) given by (4.32)
satisfies P*° (lim |z (2)]] = O) = 1}.
t—00
Note that restricting our minimization problem to u(-) € S(x1(0),22(0)), that is, inputs

corresponding to partial-state null convergent in probability solutions, can be interpreted as

incorporating a partial-state system detectability condition through the cost.

Theorem 4.3. Consider the nonlinear controlled stochastic dynamical system G given

by (4.32) and (4.33) with performance functional

J(fﬂlo,@o»“(')) S E™ |:/ L(Il(t)axQ(t)au(t)) dt ) (436)
0
where u(-) is an admissible control. Assume that there exist a two-times continuously dif-
ferentiable function V : R™ x R"2 — R, class K, functions a(:) and 5(-), a class K function
v(+), and a control law ¢ : R™ x R" — R™ such that, for all (x1,z5) € R™ x R™2,
afllzd]) < Vi, x2) < B([|z]), (4.37)

1
V,($1,$2)F($1,$2, ¢($1,$2)) + 5“ DT($1,$27 ¢($1,$2))V"($1>$2)

“D(1, 23, a1, 2)) < =([J1]]), (4.38)

$(0,22) =0, (4.39)

H(zr, 29, 6(x)) = 0, (4.40)

H(zv,aa,u) >0, (21,00,0) € R™ x R™ x R™, (4.41)

where

H(xy, 19, u) = L(xy, wo,u) + V' (21, x9) F (21, 22, u)

1
+5tr DY (w1, 20, u)V" (21, 29) D(1, T, u). (4.42)

Then, with the feedback control u = ¢(xy, xz2), the closed-loop system given by (4.34) and

(4.35) is globally asymptotically stable in probability with respect to 7 uniformly in x9y and

,22(+))) = V (210, 220), (210, T20) € R™ x R™. (4.43)
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In addition, if (x19,220) € R™ x R™2, then the feedback control u(-) = ¢(z1(), z2()) mini-

mizes J(x19, T2, u(-)) in the sense that

J(I10,1’20,¢(',')) = J(l‘lo,CCzo,u(')). (444)

min
u(-)€S(21(0),22(0))

Proof: Global asymptotic stability in probability with respect to x1 uniformly in x5, is
a direct consequence of (4.37) and (4.38) by applying Theorem 4.1 to the closed-loop system
given by (4.34) and (4.35). Furthermore, using (4.40), condition (4.43) is a restatement of

(4.19) as applied to the closed-loop system.

Next, let (210, 20) € R™ x R™?, let u(-) € S(z1(0),22(0)), and let z1(¢) and xo(t), t > 0,
be solutions of (4.32) and (4.33). Then, using It6’s (chain rule) formula, the stochastic

differential of V' (z1(t), zo(t)) along the system trajectories (z1(t), zo(t)),t > 0, is given by

OV (z(1))

AV (w1 (1), 2a(8)) = LV (1 (), 22(1))dt + —-

D(z1(t), z2(t), u(t))dw(t). (4.45)
Hence, using (4.7) and (4.42) yields

L(x(t), zo(t), u(t))dt = — dV (21(t), z2(t)) + (L(z1(t), 2(t), u(t)) + LV (z1(t), z2())) dt

MD(:&(U, wo(t), u(t))dw(t)

= — AV (21(t), mo(t)) + H(z1(t), 2o(t), u(t))dt

_|_

+ WD(Q(U, xo(t), u(t))dw(t). (4.46)
Now, it follows from (4.37) that
£ [ Jim (o (t)])] < E [lim V(o) ()] <E© [lim sla@)l)] . (447)

Using the continuity of a(-) and 5(-), and the fact that P* (limy_,« ||21(¢)|] = 0) = 1 for all

u(-) € S(x1(0),22(0)), it follows from (4.47) that

05 1)) <5 [ Vi 0] <5 [ (g )] -0
(4.48)
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Let {t,}>°, be a monotonic sequence of positive numbers with ¢, — oo as n — oo,
Tm : 2 — [0, 00) be the first exit (stopping) time of the solution xy(t) and z»(t), t > 0, from
the set B,,,(0), and let 7 = lim,,, o0 7. Now, integrating (4.46) over [ty, min{t,, 7, }], where

(n,m) € Zy X Z, yields

min{tn,7m }
A L(aa(£), 2a(t), u(t)) dt
min{tn,7m } min{tn,mm}
_ /O AV (21 (£), 2a(t)) + /0 H (a1 (8), wa(t), u(t))dt

/mm{tn Tm} aV (x(t ))D(iL’l (1), z2(t))dw(t)

= V(21(0), 22(0)) — V(xl(min{tn,Tm}),x2(min{tn,7'm}))

min{ty,7m}
/O H(zy (1), 25(8), u(t))dt

+

_|_

min{ty,,7m } T
N /0 W D(a (), 2a(t))duw(t). (4.49)

Next, taking the expectation on both sides of (4.49) and using (4.41) yields

min{tn,mm }
Eoo /O L1 (), (8, u(t)) dt]

:w@mmmmwmmwamm%%m

min{tn,7m }
+A H(l‘l(t),xQ(t)?u(t))dt

min{ty,7m} T
N /0 wl}m(t}, xQ(t))dw(t)]

= V(z10,720) — E* [V (z1(min{t,, 7n}), zo(min{t,, 7, }))]
min{tn,7m }
/0 H(zy(t), 22(0), u(t))dt]

> V(x10, To0) — E* [V (21 (min{t,, 7, }), zo(min{t,, ., }))] - (4.50)

+E

Now, noting that for all u(-) € S(x1(0), z2(0)),

/Ooo L1 (£), 22(8), u(®))| dt 5 oo,

define the random variable

| L(z1(s), a(s), u(s))] ds.

81

www.manharaa.com




In this case, the sequence of F;-measurable random variables { fn’m}g"jm:o C H, on 2, where

min{tn,7m }
fun® [ L (1), (1), u(e))de,
0
satisfies | fom| < g.
Next, defining the improper integral
[ee]
/ L (), 2a(t), u(t))dt
0
as the limit of a sequence of proper integrals, it follows from dominated convergence theorem

3] that

mM—00 N— 00

min{tn,mm }
lim lim E% [ / L(z1(8), 2(8), u(t))dt]
0

= lim [E*°

m—00 n—oo

lim / T e (6), 2al), u(t))dt]

m— 00

_ g [ / h L(xl(t),xg(t),u(t))dt]

to

= J(ZClo,ZCQ(),U(')). (451)

_ o {lim /0 ” L(xl(t),xQ(t),u(t))dt}

Finally, using the fact that u(-) € S(z1(0),22(0)) and V(-,-) is continuous, it follows
that for every m > 0, V(2 (min{t¢,, 7, }), x2(min{t,, 7,,})) is bounded for all {t,,}°°,. Thus,

using the dominated convergence theorem we obtain

lim lim E* [V (x1(min{t,, 7,,}), z2(min{t,, 7., }))]

m—00 N—00
=& [l lim Vo Gnin{h ), aa(ming e, 7))]
(4.52)

Now, taking the limit as n — oo and m — oo on both sides of (4.50) and using the fact

u() & 8(161(0),1'2(0)), (448), (451), (452), and J(l‘lo,l‘go,¢(l’1('),l’2('))) = V(l’m,l’zo)
yields (4.44). O

Note that (4.40) is the steady-state, stochastic Hamilton-Jacobi-Bellman equation for

astic dynamical system (4.32) and (4.33) with performance

82

www.manharaa.com




criterion (4.36). Furthermore, conditions (4.40) and (4.41) guarantee optimality with re-
spect to the set of admissible partially asymptotically stabilizing in probability controllers
S(x¢(0),22(0)). However, it is important to note that an explicit characterization of S(x;(0),
x2(0)) is not required. In addition, the stochastic optimal asymptotically stabilizing in prob-
ability with respect to z; uniformly in xqq feedback control law u = ¢(x1, z5) is independent
of the initial condition (x19, z90) and is given by
d(r1,19) = argmin | L(zy, xo,u) + V' (21, x0) F (21, T2, u)
u€S(21(0),22(0))

1
+ §tr DY (21, 29, u)V" (21, 29) D(1, T2, u) | (4.53)

Remark 4.3. Setting n; = n and ny = 0, the nonlinear controlled stochastic dynamical

system given by (4.32) and (4.33) reduces to
dz(t) = F(x(t),u(t))dt + D(x(t), u(t))dw(t), 2(0) 2 g, t>0. (4.54)

In this case, (4.37) implies that V(-) is positive definite with respect to x and the conditions
of Theorem 4.3 reduce to the conditions given in Chapter 4 of [68] characterizing the classical

stochastic optimal control problem for time-invariant systems on an infinite interval.

Finally, we use Theorem 4.3 to provide a unification between optimal partial-state stochas-
tic stabilization and stochastic optimal control for nonlinear time-varying systems. Specifi-

cally, consider the nonlinear time-varying controlled stochastic dynamical system
dz(t) = F(t,z(t), u(t))dt + D(t, z(t), u(t))dw(t), z(tg) = xo a.s., t >tog, (4.55)
with performance measure

T(to, 20, u(-)) 2 B [ /t LG (), u(t)dt| (4.56)

where, for every t > to, 2(t) € Hp, u(t) € Hum, L : [to,00) X R" x R™ — R, F': [ty, 00) X R™ x

R — R2 and-D-: [tes00)xR™ x R™ — R™? are jointly continuous in ¢, z, and u, F(t, -, u)
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and D(t,-,u) is Lipschitz continuous in x for every (¢,u) € [ty,00) X R™, and F(t,x,-) and
D(t,x,-) is Lipschitz continuous in u for every (¢,x) € [ty,00) x R™. For the statement of

the next result, define the set of regulation controllers

S(ty, 2(tg)) = {u() : u(+) is admissible and z(-) given by (4.55)
satisfies P70 (tliglo |z(8)]| = o) - 1}.
Corollary 4.2. Consider the nonlinear time-varying controlled stochastic dynamical sys-
tem (4.55) with performance measure (4.56) where u(-) is an admissible control. Assume
that there exist a two-times continuously differentiable function V' : [ty, 00) x R™ — R, class
Ko functions «(-) and §(+), a class K function v(+), and a control law ¢ : [ty, 00) x R — R™

such that, for all (¢,z) € [ty, 00) x R™,

a(llz|) <V (¢t z) < B(]|=]), (4.57)

av(gi, L av(gi, ) Bt 2, ot 1)) + %tr DYt 7, 6(t, 7))
VL) D, 0(0,2)) < (), (458)
o(t,0) =0, (4.59)

oV (t,x) N oV (t,x)
ot Oz
%tr DY (t,x, §(t, x))

IV (t,x) OV(t,x)
0?V(t,x)
Ox?

L(t,z,p(t,x)) + F(t,z,o(t,x))
O*V (t,x)

0x?

D(t,x,¢(t,x)) =0, (4.60)

L(t,z,u) +

1
+§tr DY (t,z,u) D(t,x,u) >0, (t,z,u) € [to,00) x R" x R™. (4.61)

Then, with the feedback control u = ¢(¢,x), the closed-loop system given by (4.55) is
globally uniformly asymptotically stable in probability and J(tg, o, #(-,-)) = V (to, zo) for
all (t9, o) € [0,00) X Dy. In addition, if (t,z) € [0,00) x R", then the feedback control

u(-) = ¢(-,z(-)) minimizes J(zo, u(-)) in the sense that

J(to, xo, O(+, ) = min J(to, zo, u(+)). 4.62
(to.0,0() = min_ J(to,a0,u() (162
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Proof: The proof is a direct consequence of Theorem 4.3 with ny = n, ny = 1, x1(t —
to) = x(t), x2(t — to) = t, Fi(z1,29,u) = Fi(zg,x1,u) = F(t,z,u), Fo(xy,x0,u) = 1,
Dy (z1,x9,u) = Di(x9,x1,u) = D(t,z,u), Do(x1,29,u) = 0, ¢(x1,29) = (22, 71) = P(t, ),
and V(xy, xe) = V(xg, 1) = V(t, ). O

Note that (4.60) and (4.61) give the stochastic Hamilton-Jacobi-Bellman equation

OVt x) oV (t,x)

= i L(t F(t
ot uesl((%l,g(to)) { (t,2,u) + ox (t,z,u)
1 O*V (1
+§tr DT(t,x,u)%D(t,x,u) : (t,x) € [tg,00) x R"(4.63)
x
which characterizes the optimal control
oV (t
o(t,r) = argmin {L(t,x,u) + ( ’$>F(t,x,u)
weS(to,z(to)) Ox

1 2
+=tr DT (¢, x, u)a Vit,o)

for time-varying stochastic systems on a finite or infinite interval.

4.4. Partial-State Stochastic Stabilization for Affine Dynamical
Systems and Connections to the Time-Varying Linear-Quad-
-ratic Regulator Problem

In this section, we specialize the results of Section 4.3 to nonlinear affine in the control

stochastic dynamical systems of the form

dzy(t) = [fi(21(t), 22(t)) + Gi(x1(t), 22(t) )u(t)] At + Di(z1(t), 22(t))dw(?),
.%'1(0) ag. 10, t Z 0, (465)
dzy(t) = [f2(21(t), 22(t)) + Go(w1(t), 22(t) )u(t)] dt + Da(z1(t), 22(t))dw(?),

IQ(O) aiS. 90, (466)

where, for every t > 0, x1(t) € H,, and z5(t) € Hpy, u(t) € Hp, and f; : R™ x R — R™ |

fos RM R 5 R72 GO R™ x R%2 — R Gy R™ x RP2 — R7%2X™ D) - R™ x R"2 —
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R™>*? and Dy : R™ x R™ — R"™*? are such that fi(0,22) = 0 and D;(0,25) = 0 for
all zo € R™; and F(xq,x2,u) = [(fl(xl,a:g) + Gl(xl,xg)u)T, (fg(a;l,xg) + Gg(a:l,xQ)u)T]T,
D(z1, x9,u) = [DT (1, x4, 1), DY (1, 2, u)]" satisfy (4.4) and (4.5) uniformly in u. Further-

more, we consider performance integrands L(z1, 2, u) of the form

L(x171'27u) = Ll(xbe) + Lz(l’l,l@)u + U,TR2(ZE1,£L'2)’U,, (1}1,[E2,U) € R™ x R™ x Rm7
(4.67)
where L; : R™ x R™ — R, Ly : R™ x R — RY™™ and Ry(zy,12) > N(z1) > 0,

(21, 22) € R™ x R 0 that (4.36) becomes

J(xw’ﬂ?zo,u(')) = [E*

/OOO [L1(x1 (), 22(t)) + Lao(xq(t), z2(t))u(t)

+u' () Ro(21(t), z2(t))u(t)] dt|. (4.68)

For the statement of the next result, define
f(xla x2) £ [fir(xlv 1'2)’ f2T(xla $2)1T7 G(xlv 1"2) £ [Grlr(xb :EQ)? Gg(wl’ x2)]T7

D(xh 5132) £ [DlT(xlv -7:2)7 D2T(x17 x2)]T‘

Theorem 4.4. Consider the controlled nonlinear affine stochastic dynamical system
(4.65) and (4.66) with performance measure (4.68). Assume that there exist a two-times
continuously differentiable function V' : R™ x R™ — R, class K., functions «(-) and j5(-),

and a class IC function () such that

all|z1]]) < V(zr,22) < B([21]]), (21,22) € R™ x R™, (4.69)
V'(z1,29) [ (21, 22) — G (21, 22) Ry (w1, 22) Ly (1, 2)
—%G([El,1’2)R2_1(1’1,$2)GT(331,1’2)V,T(331,1’2):|

+1tr DY (@1, 22) V" (w1, 22) D (21, 32) < —y(||z1]]), (21,22) € R™ x R™,
(4.70)

Ly(0,25) = 0, x5 € R™, (4.71)
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0= Li(z1,22) + V'(z1,22) f (21, 22) + 3tr DT (@1, 22) V" (21, 22) D(21, 22)
—i [V'(ffl, 932)G(901, 332) + Lz(l‘l, 962)] Rg_l(ﬂﬁl, 932) [V/(l"l, $2)G(CU1, iUz) + L2(CE1, $2)]T )

(x1,29) € R™ x R™. (4.72)
Then, with the feedback control
u = ¢(x1,22) = —1Ry (w1, x2) [La(z1, 22) + V' (21, 22) G (21, xz)]T, (4.73)
the closed-loop system

da(t) = [fi(z1(t), 22(1)) + Gi(z1 (1), 22(8))d(21(2), 22(1))] dt + D1 (21 (1), 22(t))dw(?),

21(0) 2 zy, t >0, (4.74)
dzy(t) = [fa(@1(t), 2(t)) + Go(w1(t), 22(t))d(21(2), 22(2))] At + Da(z1(t), 22(t))dw(?t),
1'2(0) a.:s. 20, (475)

is globally asymptotically stable in probability with respect to x; uniformly in x59 and the

performance measure (4.68) is minimized in the sense of (4.44). Finally,

J(I’lo,xgo, ¢(Z1(),£IZ‘2()) = V(ﬂ?lo,ﬂfgg), (xlo, CCQ()) < R™ x R™2, (476)

Proof: The result is a consequence of Theorem 4.3 with D = R™ U = R™, F(xy, 29, u) =
[y, 29) + G(x1, 22)u, and L(zy, w2, u) = Li(1,22) + Lo(x1, 22)u + u' Ry(y, 22)u. Specifi-
cally, the feedback control law (4.72) follows from (4.53) by setting

0
W [Ll(xl, T9) + Lo(xy, x0)u + u' Ry(zy, xo)u + V' (21, 22) (f(a;l7 x9) + G(x1, xg)u)

1
+§tr DT(l'l, $2)V”(£L'1,£L’2)D($1,l‘2)} =0. (477)

Now, with u = ¢(x1, z2) given by (4.73), conditions (4.69), (4.70), and (4.72) imply (4.37),
(4.38), and (4.40), respectively.

Next, since V (-, ) is two-times continuously differentiable and, by (4.69), V(0, z2), z2 €

(+,-), it follows that V'(0,25) = 0, 25 € R™, and hence, it
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follows from (4.71) and (4.73) that ¢(0,x2) = 0, which implies (4.39). Finally, since

L1, w9, u) + V' (@1, ) [f (21, 22) + G(x1, ma)u] + ttr DT (21, 29) V" (21, 09) D(21, 72)
= L(wy, w9, u) + V' (21, 22)[f (21, 22) + G(21, 22)u]
+ tr D (21, 20) V" (21, 22) D(w1, T2) — L(21, 22, ¢(21, 22))
— V'@, 20)[f (21, 22) + Ga1, 22)p(w1, 22)] — 2tr DT (21, 29) V" (21, w9) D(21, o)
= [u— ¢(x1,22)]" Ro(1, 22) [u — $lw1, 72)]

> 0, ($1,$2) e R™ x RnQ, (478)

condition (4.41) holds. The result now follows as a direct consequence of Theorem 4.3. O

Next, we use Theorem 4.4 to address the classical time-varying, linear-quadratic stochas-
tic optimal control problem. Specifically, consider the linear time-varying stochastic dynam-

ical system
dz(t) = [A@t)z(t) + B(t)u(t)] dt + z(t)o ' (t)dw(t), 2(tg) & x, t > to, (4.79)
with performance measure

J(to, xo, u(-)) = E* U [z () Ry (t)z(t) + u" (t) Ra(t)u(t)]de| (4.80)
to

where, for all t > tg, z(t) € H, and u(t) € Hyn, 0 : [to,00) = RE A : [tg,00) — R™™ and

B : [tg,00) — R™™ are continuous and uniformly bounded, and R; : [tg,00) — R™" and

Ry : [tg,00) — R™ ™ are continuous, uniformly bounded, and positive definite, and hence,

there exist 7, u > 0 such that Ry(t) > I, > 0 and Ry(t) > ul,, > 0 for all t > t.

Corollary 4.3. Consider the linear time-varying stochastic dynamical system (4.79)
with quad- ratic performance measure (4.80) and let P : [ty, 00) — R™™ be a continuously

differentiable, uniformly bounded, positive definite solution of

-2 = (40 + lo@IPL) PO+ P (A0 + 5lo@IE ) + fu(o)
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— P(t)B(t)Ry* ()BT (t)P(t), lim P(t;) =P,  tE€ [ty,), (4.81)

ty—ro0

where P satisfies (4.81). Then, with the feedback control
u=¢(t,z)=—Ry (t)BT(t)P(t)z, (t,x) € [ty,00) x R", (4.82)

the stochastic dynamical system (4.79) is globally uniformly asymptotically stable in prob-
ability and
J(to, 20, 6(-,-)) = xq P(t)o, (to, o) € [0,00) x R™. (4.83)

Furthermore, the feedback control u(-) = ¢(-, z(-)) minimizes (4.80) in the sense of (4.62).

Proof: The result is a consequence of Theorem 4.4 with ny = n, ny = 1, x1(t—t¢) = x(t)

To(t—to) = t, fi(w1,22) = fi(z, 21) = A(t)z, fo(21,72) = 1, G1 (21, 72) = G1(22, 71) = B(t)
Gg(xl,xg) = O, Dl(.’ITl,.TQ) = Dl(ffjg,xl) = SCO'T(t), DQ(.’El,.TQ) = 0, Ll(.Tl,SCQ) = Ll(.TQ,fI?l) =

Y
Y

2T Ri(t)x, La(w1,29) = 0, Ry(21,12) = Ro(wa, 21) = Ro(t), V(21,22) = V (22, 11) = 2T P(t)x,
a(llz1]]) = ell=l?, B(Iz1l)) = Bllz)1?, and y(|lz1[) = vllz]|*, for some a, B, v > 0. Specifically,
since P(-) is uniformly bounded and positive definite, there exist constants a > 0 and 5 > 0

such that al, < P(t) < 81, t > to, and hence,
allz|? < V(tx) < Bll=l*,  (t,2) € [to, 00) x R”, (4.84)
which verifies (4.69).

Next, (4.82) is a restatement of (4.73). Now, note that, with A(t) £ A(t) + B(t)K(t),
K(t) 2 —R;'(t)BT(t)P(t), and R(t) & Ry(t) + P(t)B(t)Ry ' (t)BT(t)P(t), (4.81) can be
equivalently written as

~p(0) = (A0 + 5lo@IPL) PO+ P (A0 + 3lo@IL) + o)

lim P(tf) =P, t € [ty,00), (4.85)

ty—r00

where fl(t), t > to, characterizes the closed-loop dynamics of the closed-loop system (4.79)

and (4.82) given by

dt +z(t)ot (t)dw(t),  x(te) = mg,  t>to. (4.86)
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Next, computing the infinitesimal generator LV (¢, x) along the trajectories of the closed-loop

system (4.86) gives

LV (t,z) = 2T P(t)x + 22T P(t)A(t)z + ||o(t)||*2T P(t)z

) + (A(t) n %na(t)n?fn) P(t) + P(1) (A(t) T %nmnm)] .

= —2TR(t)z, (t,x) € [to,00) x R"

:ajT

< —9llzl’, (t2) € [to,00) x R, (4.87)
which verifies (4.70).

Finally, it follows from (4.81) that

;ﬁ&wx+J@@wa@@+awu@

ot
+ S A0+ Bl )] + i (00" () 5 w0

Ox
=[P+ (A0 + 3Io@IPL ) P+ PO) (A6 + 30011,
L Ri(t) — P(t)B(t)R;l(t)BT(t)P(t)] -

=0, (t2) € [to,00) x R, (4.88)

which verifies (4.72). The result now follows as a direct consequence of Theorem 4.4. O

Corollary 4.3 gives sufficient conditions for global uniform asymptotic stability (in proba-
bility) and optimality of the linear stochastic dynamical system (4.79) with the state feedback
control law (4.82).

4.5. Inverse Optimal Stochastic Control

In this section, we construct state feedback controllers for nonlinear affine in the control

stochastic dynamical systems that are predicated on an inverse optimal control problem

[2,42,57,79,82].
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Theorem 4.5. Consider the nonlinear controlled affine stochastic dynamical system
(4.65) and (4.66) with performance measure (4.68). Assume there exist a two-times con-
tinuously differentiable function V' : R™ x R"2 — R, class K functions a(-) and 5(-), and

a class K function 7(-) such that, for all (z1,x) € R™ x R"2,

afllza]l) < Vi(wr, z2) < Bl2al), (4.89)

, 1 ) 1 _
V (1‘1, fz) f($1, 1’2) - EG(l’hl’z)Rg 1(371, xz)Lg(SCl; 5132) - §G(3617372)Rg 1(371, 552)

1
Gy, 22) V'™ (21, 22) | + §tr D" (xy, 22)V" (21, 29) D(1, 72) < —(||71]]),  (4.90)

Then, with the feedback control
1
= g(ar,w2) = —5 Ry (w0, 00) [La(wr, 2) + V' (a1, 22)G(21, 7)), (4.92)

the closed-loop system given by (4.74) and (4.75) is globally asymptotically stable in prob-

ability with respect to x; uniformly in x9y and the performance functional (4.68), with
Li(z1,22) = ¢ (21, 22)Ro(1, m2)d(x1, 22) — V' (21, 22) f (1, 22)
1
—§tr D™ (21, 22)V" (21, 22) D(21, 22), (4.93)

is minimized in the sense of (4.44). Finally, (4.43) holds.

Proof: The proof is identical to the proof of Corollary 4.4. 0O

Next, we specialize Theorem 4.5 to linear time-varying stochastic systems controlled by
nonlinear controllers that minimize a polynomial cost functional generalizing the results of
[69] and [45] to the stochastic setting. Specifically, consider the linear time-varying stochastic

dynamical system
dz(t) = [A{t)z(t) + B(t)u(t)] dt + z(t)o " (t)dw(t), x(to) = o, t>tg,  (4.94)

where, for all t > to, z(t) € Hyp, u(t) € Hpm, and o : [tg,00) — R4, A : [ty,00) — R™", and

B ftos00)e—- R are.continuous and uniformly bounded. For the following result, let
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Ry : [to,00) = R™ ™ Ry : [tg,00) — R™™ and ]%q : [to,00) = R™™ ¢ =2,...,r, where r
is a positive integer, be continuous, uniformly bounded, and positive definite matrices, that
is, there exist 7, u, fiy > 0, ¢ = 2,...,7, such that Ry(t) > v, > 0, Ry(t) > pl,,, > 0, and
Ry(t) > ji L, > 0, for all t > t,. Furthermore, we consider performance integrands in (4.56)

of the form
L(t,z,u) = Ly(t,7) + Lo(t, x)u + u" Ry(t, 2)u, (t,x,u) € [tg,00) x R" x R™  (4.95)
where Ly : [tg,00) X R" — R, Ly : [tp,00) x R" — R™™ and Ry(t,x) > N(x) > 0,

(t,x) € [to,00) x R™, so that (4.56) becomes

J(to, xg, u(+)) = E™ [/OO [Li(t, (1)) + La(t, x(t))u(t) + u' () Ro(t, z(t))u(t)]dt| . (4.96)

to

Corollary 4.4. Consider the linear controlled time-varying stochastic dynamical system
(4.94), where u(-) is admissible. Assume that there exist a uniformly bounded, continuously
differentiable, positive definite P : [tg, 00) — R™*™ and continuously differentiable, uniformly

bounded, nonnegative definite M, : [tg,00) — R"™*™, ¢ =2,...,r, such that

~2(0) = (40 + lo@IPL) PO+ Pl) (A0 + 5lo@IPL) + Rulo) - POSOPO),

lim P(t;) = P, t€ [ty,0), (4.97)

~a1,0) = (A0 + 520~ DIeOIL, - SOP®) M0

1 .
+ 00) (A0) + 520 = DIoOIPL ~ S0P + R0
tlim M,(t;) = M,, q=2,...,1, t € [to, 00), (4.98)
F—00
where S(t) = B(t)Ry ()BT (t) and P and M, satisfy (4.97) and (4.98), respectively. Then
the zero solution z(t) = 0 of the closed-loop system
dz(t) = [A(t)z(t) + B(t)é(t, z)] dt +z(t)o " (t)dw(t), x(ty) = xo a.s., t > to, (4.99)

is globally uniformly asymptotically stable in probability with feedback control

u=¢(t,z) =Ry ()BT (t) (P(t) + Z(mTMq(t)w)q_qu(t)) T, (4.100)
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and the performance functional (4.96) with Rs(t,x) = Ra(t), La(t,z) = 0, and

Li(t,z) = 2T <R1 (t) + Z(xTMq(t)x)qflf%q(t)

T

Z(xTMq(t)x)“Mq(t)] S(t)[

q=2

T

_|_

(wTMq(t):U)qqu(t)])x, (4.101)

=2

is minimized in the sense of (4.62). Finally,

I(to, 20, 8-, ) = &L P(to) x0+z ( J(to x())q, (to, 20) € [0,00) x R™.  (4.102)

Proof: The result is a consequence of Theorem 4.5 with ny = n, ny = 1, z1(t—to) = x(t),
xo(t—to) =t, fi(x1,me) = fi(we, x1) = A(t)z, fo(x1,20) = 1, G1(21,22) = G1(x9,21) = B(t),
Gy(r1,22) = 0, Dy(21,79) = Di(x9,71) = 20 (t), Da(x1,22) = 0, Ly(21,22) = L1(x0,71) =
Ly(t,x), where Li(t,z) is given by (4.101), Lo(z1,x2) = 0, Ra(x1,22) = Ra(xe, 1) = Ra(t),
Vg, as) = V(zg,m) = 2" Pt)r + 3o, (@ My(H)2)?, a[lzil)) = allz]? B([zl) =
Bl + oy s8Iz, and v([lzi]]) = —Allz]* = iy 5468 [l]*, for some a, B, 7,
Bq, and 6, > 0, ¢ = 2,...,r. Specifically, since P(-) and M,(-) are uniformly bounded
and, respectively, positive and nonnegative definite, there exist constants «, 3, and Bq > 0,
q=2,...,r,such that al, < P(t) < 81, and 0 < M,(t) < BqIn, t > to, and hence,

allz)* < V(tz) < Bll=l* + Z ﬁqHJJHQq (t, ) € [to,00) x R, (4.103)

q= 2

which verifies (4.89).

Next, (4.100) is a restatement of (4.92). Now, let ¢(t,x) = ¢1(t,x) + ¢o(t, z), where

¢1(t,z) & —Ry ()BT (1) P(t), (4.104)
Po(t,z) £ —Ry'&)BT (1) Y (2" M,(t)x)! ' M, (t)x. (4.105)

q=2
Computing the infinitesimal generator LV (¢,z) along the trajectories of the closed-loop

system (4.99) gives
LV (t,z)=a" (P(t)x L P(#)A() + AT(t)P(t)> v+ 20T P B(#)o(t, ) + o) |2 P(t)x
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+ zi;(xTMq(t)x)q_l [ (ML) + My(D)A®) + AT M, (1)) @
+ ;xTMq(t)B(t)gb(t, z) + (29 — 1)||a(t)||2xTMq(t)x]
=27 (P(t) + P(t) (A(t) + %||a(t)||21n> + <A(t) + %Ha(t)”zIn)T P(t)
— P(t)S(t)P(t)) x—x " P(t)St)P(t)x + 20T P(t)B(t)pa(t, 7)
+ ;(@"TJVIq(15)93)‘1_1 [wT(Mq(t) + M, () (A(t) + %(261 = Dllo@®)|*I. = St)P())
+(AQ) + %(261 = Dlo®* L — S P(1) My(t)z + 227 My (t) B(t)da(t, 96)],

(t,z) € [to,00) x R™.  (4.106)

Now, using (4.97) and (4.98), (4.106) yields
LV(t,x) = —zT (Rl (t) + Z(xTMq(t)x)q_lf%q(t)> z—2"P(t)S(t)P(t)x

— 22T

Z(wTMq(t)x)q_qu(t)] S(t)[Z(xTMq(t)x)q_qu(t) x

q=2

q=2

— 22T P(1)S(t) Y (2T M,(t)x)" My(t)x

q=2

< —a2'Ri(t)r — 27T Z(:ETMq(t):E)q_qu(t)x

q=2

;
< =zl =D Balll?) oy ll

q=2

< Azl =D 6B =P, (t @) € [to, 00) x RY, (4.107)
q=2

and hence, (4.90) holds.
Finally, note that
¢t (t, ) Ro(t)p(t, z) = 2" P(1)S(t)P(t)x + 22T P(t)S(t) T (T M, (t)x)" M, (t)x

q=2
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+at Z(xTMq(t)x)q_qu(t)] S(t) [Z(xTMq(t)x)q_qu(t)] Z,
" " (4.108)
which, using the first equality in (4.107), implies
LV (t,x) = —a"Ri(t)e — 2™ (2" My()2)* " Ry()a — (t, x) Ry(t)$(t, )
—at Z(xTMq(t)fv)q_qu(t)] S(t) Z(xTMq(t)x)q‘qu(t)] x
= _Ll(t7 ZE) - ¢T(t7 I>R2(t)¢<t7 1‘), (4109)

where Ly(t,z) is given by (4.101), and thus, (4.93) is verified. The result now follows as a

direct consequence of Theorem 4.5. O

Finally, we specialize Theorem 4.5 to linear time-varying stochastic systems controlled
by nonlinear controllers that minimize a multilinear cost functional. For the following result,
recall zH £ 2 ®2®- - -®@x and éA L2 APA®- - @A, with z and A appearing k times, where
k is a positive integer. Furthermore, recall N ¢™) £ {¥ ¢ RV Pkl > 0, x € R"} and
let P, : [to,00) — R Ry, : [tg,00) — R>™™ ¢ =2, ... r, where r is a positive integer,
and Ry : [tg,00) — R™ ™ be continuous and uniformly bounded, Ry (t), B,(t) € N0,

and Ry(t) > pl,, > 0, for some p > 0 and for all ¢ > .

Corollary 4.5. Consider the linear controlled time-varying stochastic dynamical sys-
tem (4.94), where u(-) is admissible. Assume that there exist a continuously differentiable,
uniformly bounded, positive definite P : [ty,00) — R™™ and continuously differentiable,

uniformly bounded Pq : [to, 00) — R“"2q, qg=2,...,r,such that lf’q e N,

~P(0) = (A0 + 5lo@IPL) PO+ P (A0 + 5lo@IPE) + Rule) - POSOPO),

lim P(ty) =P, t& [ty,00), (4.110)

~2y(0) = Py0) B4+ 50 - DIo@IPL ~ SOPO)]| + Rl Jim Bies) = P,
qg=2,...,r1, t € [tg, 00), (4.111)
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where S(t) 2 B(t)R; ' (t)B"(t) and P and ]_5q satisfy (4.110) and (4.111), respectively. Then
the zero solution z(t) = 0 of the closed-loop system (4.99) is globally uniformly asymptoti-

cally stable in probability with the feedback control law

o(t,x) = =Ry (t)BT () (P(t)x + %g'T(t,x)> , (4.112)

where g(t,z) £ D g P,(t)z24 and the performance functional (4.96) with Ry(t, z) = Ry(t),
Ly(t,z) =0, and

Li(t,x) = 2" Ry (t)w + ZT: Ry (t)z24 4 %lg'(t, 7)S(t) g (¢, 7), (4.113)

q=2
is minimized in the sense of (4.62). Finally,

J(to, 0, ¢(,)) = x5 P(to)wo + Y Pylto)at”,  (to,m0) € 0,00) x R™. (4.114)

q=2

Proof: The result is a consequence of Theorem 4.5 with ny = n, ny = 1, z1(t—to) = x(t),
xo(t—to) = t, fi(x1,22) = fi(wa, x1) = A(t)x, folz1,20) = 1, G1(21,22) = Gi(x2,21) = B(1),
Gy(r1,22) = 0, Dy(21,79) = Di(x9,71) = 20 (t), Da(x1,29) = 0, Ly(21,22) = L1(x9,71) =
Ly(t,z), where Ly(t,z) is given by (4.113), La(x1,22) = 0, Ray(x1, x2) = Ra(xe, 1) = Ra(t),
V(wr,@5) = V(wa, 21) = 2" P(t)z + 5, Py(0)2P1, a(l|lz1])) = alle|®, B([la1])) = Bl|=]?, and
Y(|lx1]]) = —7]|z||?, for some «, 8, v > 0. Specifically, since P(-) is uniformly bounded and
positive definite there exist constants «, 5 > 0 such that al, < P(t) < I,. In addition,

since P,(t) e N®om g =2, n, for all t > t,, it follows that
allz|? <V(t,x) < Bllzl*,  (t,2) € [to, 00) x R", (4.115)

which verifies (4.89).

Computing the infinitesimal ch4:generator LV (¢, z) along the trajectories of the closed-

loop system (4.99) gives
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r

+ %tr (zo" ()" 2P(t)zo " () + ) P,(6)aP + g'(t, 2) (A(t)x + B(t)o(t, )
+ %m« (o™ (1)) g (¢, 2)20™ (1)
T (P(t)x + P(Y) (A(t) + %||0(t)||2fn) 4 <A(t) + %||a(t)||21n> P()

- P(t)S(t)P(t)) x— 2 P(t)St)P(t)x — 2T P(t)S(t)g' (¢, ) + Z ﬁq(t)aqu]

L g(ta) [(A(t) — SWPE) - LSO x)} b b (o) 1, 2)a0™ 1)
(4.116)

for all (t,z) € [to,00) x R™. Next, noting that

g'(t,z)(A(t) = S(H)P(t))x + %tr (wo (1) g"(t, w)wo " (1)

- 2 | et a - stopenes e 215 R o
Y Pq(t)<zq:x® ® I, ®---®x>(A(t)—S(t)P(t))x

NI 9990 DD SIFLIULEN

i=1 j=1 ig=1 jo=1,jqFiq

z enty j enty
e ® "e? ®-® e ®---®x)xj>

ith e

+Z ot ||2<Z S Y Y Aiee

lgq 1,jq#iq =1 j=1

ith entry JiP entry
e TR e 0 ®---®x)>
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it entry ]q entry
—_—— ,_/h
n
® ( E T;€;) E rie;) ®
=1

= T Pq(t)<iln®~-®ZA(t)—E(t)p(t)5®...®fn>x[2ql

r 1 ith entry Jib entry
+ 3 S lo@IPP( (Z Z ”x*@---@’??@---@x)

=2 1g=1 jq=1,jqFiq
T 2q izh iltry
= Fy(t) (Z[n ®--R(Al) - SHPH) @ ® [n>x[2q]
q=2 ig=1
iflh entry
r 2(] rl % ™~
+2 Al (ZI @@ a- Do Lo e Jn>mw
ith entry
T Qq Ve A
. - : N
=S A0 Sohe 0 (A1) - SOP©) + g - Do)L& 01, )2
q=2 ig=1
" A 2
= SO R0 [BA0 + 520 - Dlol0IL - S0P 2 (w117)
q=2

it follows from (4.110), (4.111), and (4.117), that

LV(t,z) = —a"Ri(t)x — 2" P(t)S(t)P(t)r — T P(t)S(t)g™ (¢, )
3 (B4 2o B + 520 - Do @IPL - 5P ) o

- S0 (60809 1,0
= —xTRl( ) — xTP(t)S(t)P(t)x — 2T P()S(t)g™ (t, 2)

— Z Ry (1) — (t, 2)S(t) g (t, ). (4.118)

Finally, note that

T(t, )Ryt

tx) = (2T P(t) + —g’(t,x)) S(t) <P(t):c + ;g (t, az)>
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=2 P(t)S(t)P(t)x + ig'(t, 2)S(t) g (t,z) + 2T P(t)S(t)g"™ (¢, 1),
(4.119)
which, using (4.118), implies that
LV (t,x) = —2"Ri(t)x — > Roy(t)aP) — }Lg’(t, 2)S() g (¢, x) — ¢ (¢, x) Ry (t) (¢, )

(4.120)

for all (t,z) € [ty,00) x R™, and hence, (4.90) holds with v(||z|]) = —v||z||*>. In addition,

writing (4.120) as
LV(t,z) = —Li(t,z) — ¢" (t,2)Ra(t) (2, ), (4.121)

where Ly(t,z) is given by (4.113), and thus, (4.93) is verified. The result now follows as a

direct consequence of Theorem 4.5. O
4.6. Illustrative Numerical Examples

In this section, we provide two illustrative numerical examples to highlight the opti-
mal and inverse optimal partial-state asymptotic stabilization framework developed in this

chapter.

Example 4.1. (Optimal Partial Stabilization of a Rigid Spacecraft). Consider

the rigid spacecraft with stochastic disturbances given by

a

dwl(t) = [IQSMQ(t)W:;(t) — X1W1 (t) + Uy (t)]dt + O'1(U1(t)dﬂ)(t>, W1(0> = w10, t Z 0,
(4.122)

du&(t) = [Iglwg (t)w1 (t) — QW (t) -+ Uo (t)]dt + O’QWQ(t)dZU(t)’ WQ(O) = w20, (4123)

dW3(t) = [Ilgwl (t)(,dg(t)]dt + 03W3(t)dw(t), W3(0) = Ws3p a.s., (4124)

where ]23 £ (IQ —]3)/]1, ]31 £ (13—]1)/12, ]12 £ (Il —]2)/]3, Il, ]2, and ]3 are the principal
moments of inertia of the spacecraft such that I; > Iy > I3 > 0, a; > 0 and ay > 0 reflect

dissipationdinthe wpandwacoordinates of the spacecraft, u; and us are the spacecraft control
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moments, and w(t) is a standard Wiener process. Here, the state-dependent disturbances
can be used to capture perturbations in atmospheric drag for low altitude (i.e., < 600
km) satellites from the Earth’s residual atmosphere as well as Jy perturbations due to the
nonspherical mass distribution of the Earth and its nonuniform mass density. For details
see [33,62]. For this example, we seek a state feedback controller u = [uy, us]T = @21, z3),

where z; = |wy, CUQ]T and z9 = w3, such that the performance measure
J(x10, Tog, u(+)) = E™ [/ (2] (t) Ry (t) + u" (t)u(t)] | dt, (4.125)
0

where R; > 0, is minimized in the sense of (4.44), and (4.122)—(4.124) is globally asymptot-

ically stable in probability with respect to x; uniformly in .

Note that (4.122)—(4.124) with performance measure (4.125) can be cast in the form of
(4.65) and (4.66) with performance measure (4.68). In this case, Theorem 4.4 can be applied

withny =2, no =1, m =2,
z ; T
f(x1,22) = fw1,22) — Ay, f(21,22) = [123w2w3, I31w3w1, 112001002] )
T

T
ap 00 100 -
A é |:01 - 0:| 3 G(:Lj,;l}z) = |:O 1 0:| s D(.Tl, :U2) — [0'1(«01 OoWo 0-3w3] ,

Li(x1,20) = 21 Ryzy, Lo(z1,79) = 0, and Ry(z1,79) = I to characterize the optimal par-

tially stabilizing controller. Specifically, in this case (4.72) reduces to

~ 1
0 =] Rizy + V'(z1,29) f (21, 20) — V' (21, 20) ATy + §tr DT (21, 22)V" (21, 29) D(21, 29)

1
— Zvl(l’l,JIQ)G(ZL’l,Ig)GT(ZL’l,CL’Q)V,T(ZL'hJ]Q), (ZL’l,l’Q) c Rnl X Rn2. (4126)

Now, choosing V (1, z2) = ] Pz, where P > 0, it follows from (4.126) that

0=x] Ryxy + V(x4 :Eg)f(xl, r9) — 221 PHx, + 2{ ©PYx, — 2] PPx,, (4.127)

where H £ [061 o?}’ YA ﬁ]l (S}, and V'(zy,x9) f(x1,22) = 0 only if P = pJ, where
2 2

p>0and J 2 {_ém ]0 } . In this case, (4.127) and P = pJ imply that
23
0= Ry —2pJH — p*J?, (4.128)
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State

Time [s]

Figure 4.1: A sample average along with the sample standard deviation of the closed-loop
system trajectories versus time; wi(t) in blue, wo(t) in red, and ws(t) in green.

where H = H — 22 Hence, (4.69) holds with a([|lz1]]) = pAmin(J)||lz1]|* and B(||z1]) =
0 Amax () ||21]]2, where Apin(-) and Apax(-) denote minimum and maximum eigenvalues, re-

spectively, and (4.70) holds with y(||21]]) = A (R1) |21 ||

Since all of the conditions of Theorem 4.4 hold, it follows that the feedback control law

(4.72) given by
1
P(x1,19) = —= Ry (w1, 29)G T (w1, 22) V' (21, ) = —pJay,  (21,72) € R™ x R™, (4.129)
o1t

guarantees that the stochastic dynamical system (4.122)—(4.124) is globally asymptotically
stable in probability with respect to x; uniformly in x99 and J(z19, Z20, P(21(-), 22(+))) =

SUrlI‘OPl'lO for all (2710, .’1720) e R™ x R™2,

Let I; = 20kg - m?, I, = 15kg - m? I3 = 10kg - m?, w9 = 7/3Hz, wey = 7/4Hz,
W3 = 7T/5HZ, o = 11668HZ, Qg — O.2HZ, o1 = 1, 09 = 04, O3 — 01, and R1 =

Hz?. Figure 4.1 shows the sample average along with the standard deviation of
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Control

0 1 2 3 4 5
Time [s]

Figure 4.2: A sample average along with the sample standard deviation of the control
signal versus time; () in blue and uy(t) in red.

the controlled system state versus time for 20 sample paths for p = 2.5Hz/(N - m?). Note
that z1(t) = [wi(t), wa(t)]T — 0 a.s. as t — oo, whereas z5(t) = ws(t) does not converge
to zero. Figure 4.2 shows the sample average along with the standard deviation of the

corresponding control signal versus time Finally, J (19, 720, ¢(21(-), 22(+))) = 2.2132 Hz>. A

Example 4.2. (Thermoacoustic Combustion Model). In this example, we con-
sider control of thermoacoustic instabilities in combustion processes. Engineering applica-
tions involving steam and gas turbines and jet and ramjet engines for power generation and
propulsion technology involve combustion processes. Due to the inherent coupling between
several intricate physical phenomena in these processes involving acoustics, thermodynam-
ics, fluid mechanics, and chemical kinetics, the dynamic behavior of combustion systems is
characterized by highly complex nonlinear models [32,84]. The unstable dynamic coupling

between heat release in combustion processes generated by reacting mixtures releasing chem-
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ical energy and unsteady motions in the combustor develop acoustic pressure and velocity

oscillations that can severely affect operating conditions and system performance.

Consider the nonlinear stochastic dynamical system adopted from [32,45] given by

dgi(t) = [—oaq(t) = Bar()gz(t) cos g3(t) + u(@)]dt + orq(t)dw(t),
@(0) 2 g, >0, (4.130)
dga(t) = [~aaga(t) + Bai(t) cos gs(t) + u(t)]dt + oags(t)dw(t), 2(0) = g0 # 0, (4.131)

s(t) = |20, — 02— 5( B~ 20,0) ) sinan(0)] @ + s D) 0000), u(0)®

Il

30,
(4.132)
representing a time-averaged, two-mode thermoacoustic combustion model with state de-
pendent stochastic disturbances, where a; > 0 and as > 0 represent decay constants, 6,
and Ay € R represent frequency shift constants, § = (('y +1)/ 87)@1, where v denotes the
ratio of specific heats and w; is the frequency of the fundamental mode, o, 09, and o3 are
such that oy > %Uf and ay > %ag and represent augmentation factors of the variance of the
state dependent stochastic disturbance, and u is the control input signal. As shown in [32]
and [84], only the first two states ¢; and g, representing the modal amplitudes of a two-mode
thermoacoustic combustion model are relevant in characterizing system instabilities since the
third state g3 represents the phase difference between the two modes [115]. Hence, we require

asymptotic stability of ¢;(¢), t > 0, and ¢2(t), t > 0, which necessitates partial stabilization.

For this example, we seek a state feedback controller u = ¢(xq, x3), where z1 = [q1, q2]T
and x5 = g3, such that the performance measure
J(21(0), 2(0), u(-)) = /0 TN R (1) + (1)) dt, (4.133)
where
Ri=p {2041 —pU% +p - _ng . p] ’ 0> 0, (4.134)

is minimized in the sense of (4.44), and (4.130)—(4.132) is globally asymptotically stable with

respect to @y uniformly in xo.
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Figure 4.3: A sample average along with the sample standard deviation of the closed-loop
system trajectories versus time; ¢;(¢) in blue, ¢o(t) in red, and ¢3(t) in green.

Note that (4.130)—(4.132) with performance measure (4.133) can be cast in the form of
(4.65) and (4.66) with performance measure (4.68). In this case, Theorem 4.4 can be applied
withny =2, np =1, m =1, f(z1,22) = [~ c1q1 — Bq1g2 cos g3, —aaqz + Bqi cos g3, 201 — 0 —
ﬁ(g—z—QCIz) SiﬂQﬂT, Glzy,zo) =1 1 O}T, D(z1,22) = [o1q1 0202 03(]1(]2]T, Ly(w1,19) =
2T Riwy, Lo(x1,79) = 0, and Ry(z1,72) = 1 to characterize the optimal partially stabilizing
controller. Specifically, (4.72) reduces to

1
0= x?lel + V'(x1, 20) f(x1, T2) + Etr DT(ml, 29) V" (21, w5) D (21, o)

1
— V@1, 22)G (21, 22) G (21, 22) V' (1, 1), (1, 19) € R™ x R™,

4
(4.135)
which implies that V'(x1,22) = 2p[q1, g2, 0]. Furthermore, since V(0,22) = 0, 25 € R,

V (21, 39) = paix, which is positive definite with respect to z;, and hence, (4.69) holds.

Since all of the conditions of Theorem 4.4 hold, it follows that the feedback control (4.73)

given by

)GT(Z‘17 ‘/L‘2)V/T(x17 x2)
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Figure 4.4: A sample average along with the sample standard deviation of the control
signal versus time.

=—p[1 1 0][an @ 0]

= —p |:1 1 O] |:£L'1:| , (.’E1,.I'2) € R™ x R"2, (4136)

guarantees that the dynamical system (4.130)—(4.132) is globally asymptotically stable with
respect to x; uniformly in @ey and J(z10, Tao, d(1(+), 22(+))) = priyr1o for all (w19, 72) €

R? x R.

Let &y = 5Hz, ay = 45Hz, 0y =2, 09 =5, 03 =1, v =14, w; = 1Hz, 6§, = 4Hz,
0y = 32Hz, p = 1Hz, 10 = 4, q20 = 2, and q39 = 10. Figure 4.3 shows the sample average
along with the standard deviation of the controlled system state versus time, whereas Figure
4.4 shows the sample average along with the standard deviation of the corresponding control
signal versus time for 20 sample paths. Note that x1(t) = [q1(t), 2(t)]" 23 0 as t — oo,
whereas 5(t) = ¢3(t) is unstable. Finally, J(z1(0), 22(0), ¢(z1(-), z2(+))) = 20 Hz. A
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Chapter 5

Stochastic Finite-Time Partial Stability, Partial-State
Stabilization, and Finite-Time Optimal
Feedback Control

5.1. Introduction

In this chapter, we extend the framework developed in [14] and [45] to address the prob-
lem of optimal finite-time stabilization as well as partial-state stabilization for stochastic
dynamical systems. The problems of finite-time stochastic stabilization, optimal finite-time
stochastic stabilization, optimal partial-state stochastic stabilization, as well as the combined
problem of optimal finite-time, partial-state stochastic stabilization have not been addressed
in the literature. In this chapter, we address these problems by considering a notion of
optimality that is directly related to a given Lyapunov function that is positive definite and
decrescent with respect to part of the system state, and satisfies a differential inequality
involving fractional powers. In particular, an optimal finite-time, partial-state stochastic
stabilization control problem is stated and sufficient stochastic Hamilton-Jacobi-Bellman
conditions are used to characterize an optimal feedback controller. The steady-state solu-
tion of the stochastic Hamilton-Jacobi-Bellman equation is clearly shown to be a Lyapunov
function for part of the closed-loop system state that guarantees both finite-time partial
stability in probability and optimality. In addition, we explore connections of our approach

with inverse optimal control [34,42,57,79,82], wherein we parametrize a family of finite-time,
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partial-state stabilizing stochastic feedback controllers that minimize a derived cost func-
tional. As discussed in Chapter 4, another important application of deterministic partial
stability and partial stabilization theory is the unification it provides between time-invariant
stability theory and stability theory for time-varying systems [28,45]. We exploit this uni-
fication and specialize our results to address the problem of optimal finite-time control for

nonlinear time-varying stochastic dynamical systems.

The contents of this chapter are as follows. In Section 5.2, we establish additional notation
and several definitions for finite-time, partial-state stability for equilibria of Markov diffusion
dynamical systems that have unique solutions in forward time. In Section 5.3, we give a
Lyapunov theorem for finite-time, partial stability in probability. Specifically, we present
sufficient conditions for finite-time partial stability in probability of nonlinear stochastic
dynamical systems using Lyapunov functions that are positive definite with respect to part
of the system’s state and additionally satisfy a differential inequality involving fractional
powers. These results are then specialized to provide sufficient conditions for finite-time

stability of nonlinear time-varying stochastic dynamical systems.

In Section 5.4, we consider a nonlinear stochastic system with a performance functional
evaluated over the infinite horizon. The performance functional is then evaluated in terms
of a Lyapunov function that guarantees finite-time partial stability in probability. We then
state a stochastic optimal control problem and provide sufficient conditions for characterizing
an optimal nonlinear feedback controller guaranteeing finite-time partial stability in proba-
bility of the closed-loop system. These results are then used to construct optimal finite-time
controllers for nonlinear time-varying stochastic dynamical systems. In Section 5.5, we spe-
cialize the results developed in Section 5.4 to affine in the control dynamical systems as well
as develop optimal feedback controllers for affine nonlinear systems using an inverse opti-
mality framework tailored to the finite-time, partial-state stochastic stabilization problem.
In Section 5.6, we provide two illustrative numerical examples that highlight the optimal

finite-time, partial-state-stochastic stabilization framework.
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5.2. Definitions and Mathematical Preliminaries

In this section, we consider nonlinear stochastic autonomous dynamical systems G of the

form

a.s

da(t) = fi(z1(t), 22(t))dt + Di(z1(2), 22(t))dw(t), z1(to) = 210, t > to, (5.1)
dzy(t) = fola1(t), o(t))dt + +Do(x1(t), 2o(t))dw(t), 2(te) = w90, (5.2)

where, for every t > to, 21(t) € Hy, and z5(t) € H,, are such that z(t) = [T (1), xg(t)}T is a
Fi-measurable random state vector, x(ty) € Hy, X Hy,, w(-) is a d-dimensional independent
standard Wiener process (i.e., Brownian motion) defined on a complete filtered probability
space (2, F,{Fi}i>t, P), 2(tp) is independent of (w(t) —w(ty)),t > to, and f; : R™ xR" —
R™ is such that, for every x5 € R™  f1(0,22) = 0 and fi(-,z5) is continuous in x;, and
fo : R" x R"™ — R™ is such that, for every z; € R™, fy(xy,-) is continuous in z5. In
addition, the function D; : R™ x R™ — R™*? is continuous such that, for every z, € R"2,

D1(0,25) = 0, and Dy : R™ x R™ — R"2*? is continuous.

A R™*"2_yalued stochastic process x : [tg, 7] X Q@ — R™*"2 is said to be a solution of
(5.1) and (5.2) on the interval [to, 7] with initial condition z(ty) %= g if 2(-) is progressively
measurable (i.e., z(-) is nonanticipating and measurable in ¢ and w) with respect to {F; }i>4,,
flar, @) = [ (21, 22), f3 (w1, 22)]" € LYQF,P), D(1,22) £ [D] (21, 22), Dy (21, 22)]" €
L3(Q, F,P), and

t t
x(t) ::B0+/ f(a:(s))d8+/ D(z(s))dw(s) a.s., t€ [to,T], (5.3)

to to
where the integrals in (5.3) are Itd integrals. As in Chapter 4, we assume that all right

maximal pathwise solutions to (5.1) and (5.2) in (€, {F:}ise,, P™) exist on [tg,00), and

hence, we assume (5.1) and (5.2) is forward complete.

Furthermore, we assume that f : R™*72 — R™+72 and D : Rmtm2 — Rm+n2)xd gatisfy

the uniform Lipschitz continuity condition, modulo the origin,

(@ @it D(2) — D()llr < Lllz —yll,  z,y € R™\{0}, (5.4)
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and the growth restriction condition || f(x)||>+||D(x)||3 < L*(1+||z]|?), € Rm*2\{0}, for
some Lipschitz constant L > 0, and hence, since z(ty) € H,, X Hn, and z(to) is independent
of (w(t) — w(ty)),t > to, it follows that there exists a unique, up to equivalence, solution
z € L*(Q,F,P) of (5.1) and (5.2) modulo the origin. Specifically, the nonlinear dynamical
system given by (5.1) and (5.2) possesses unique solutions in forward time for all initial
conditions except possibly at z; % 0 in the following sense. For every @ € H,, x H,, there
exists 7, > 0 such that, if z1 : [tg, 1] x Q@ — R™™2 and xyy : [tg, 72] X © — R™*2 are two
solutions of (5.1) and (5.2) with 21(0) = 211(0) = z, then 7, < min{7y, 75} and z1(¢) = wn(t),
to <t < 7,. Without loss of generality, we assume that for every (xy,z3), 7, is chosen to be
the largest such number in R,. In this case, given z = [2T,21]T € H,, X Hp,,, we denote
by the measurable map s%(-) = s(-, 1, 2»), corresponding to a unique strongly continuous
contraction semigroup, the trajectories or the unique solution curves of (5.1) and (5.2) on
0, 7,) satisfying s(0,z1,22) = [2],25]T and we denote by s¥(-) the partial trajectories or
the unique solution curves of (5.1) on [0,7,). Sufficient conditions for forward existence

and uniqueness in the absence of the uniform Lipschitz continuity condition and growth

restriction condition can be found in [105,114].

The following definition introduces different notions of stochastic finite-time partial sta-

bility.

Definition 5.1. The nonlinear stochastic dynamical system G given by (5.1) and (5.2)
is (globally) stochastic finite-time stable with respect to x1 if there exists an operator T :
Hpy X Hipy, — 7—[[10’00), called the stochastic settling-time operator, such that the following

statements hold:
i) Finite-time, partial-state convergence in probability. For every (z1(0),22(0)) € H,, X

Ho,, s7O(t) is defined on [0, T(z1(0), 22(0))), where z(0) = [21(0)T, z5(0)T]T, s7V(t) € M,
for all t € [0, T(x1(0),22(0))), and

o lim SO = 0l =1.
(tﬁT(m(O),xQ(o)) H 1 ( )H
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it) Partial Lyapunov stability in probability. For every ¢ > 0, p € (0,1), and x4(0) € H.p,,
there exists § = 0(p, &, 22(0)) > 0 such that, for every x;1(0) € HS‘S(O)\{O}7

wo( sup ||s“f(0)(t)||§e>21—p.

t€[0,T(z1(0),22(0)))

i1i) Finiteness of the stochastic settling-time operator. For every x € H,, X H,, the
stochastic settling-time operator T'(z) exists and is finite with probability one, that is,

E* [T(z)] < .

The nonlinear stochastic dynamical system G is (globally) stochastic finite-time stable
with respect to x1 uniformly in x5(0) if G is stochastic finite-time stable with respect to x;

and the following statement holds:
iv) Partial uniform Lyapunov stability in probability. For every € > 0 and p € (0, 1) there
exists 0 = d(p,e) > 0 such that, for every z1(0) € F 5 OMOT

po ( sup ||sgf(0) )] < 5) >1—p, x3(0) € Hy,.

t€[0,T(21(0),22(0)))

The nonlinear stochastic dynamical system G is (globally) strongly stochastic finite-time
stable with respect to x1 uniformly in xo if G is uniformly stochastic finite-time stable with

respect to x; and the following statement holds:

v) Finite-time partial uniform convergence in probability. For every (z1(0),x2(0)) €

Hoy X Hpy, s°O(t) is defined on [0, T(z1(0), 22(0))) and

peo I Om=0)=1
(Lalim 1000 =0) =1,

21(0),22(0))

uniformly in z5(0) for all z9(0) € H,,.

As noted in Chapter 4, an important application of partial stability theory is the unifica-
tion it provides between time-invariant stability theory and stability theory for time-varying

systems. Specifically, consider the nonlinear time-varying stochastic dynamical system given
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by
de(t) = f(t,z@®)dt + D(t, z(t))dw(t),  2(te)) = 29,  t € Loy, (5.5)

where, for every t € T, ., x(t) € H, is a Fy-measurable random state vector, Zy, ., < [to, 00)
is the maximal interval of existence of a solution z(¢) of (5.5), and f : Zy ,, X R" — R
and D : T, ,, x R® — R™? are such that, for every (t,z) € Zy, ., x R", f(£,0) = 0 and

D(t,0) =0, and f(-,-) and D(-,-) are jointly continuous in ¢ and z.

In this chapter, we assume that the nonlinear time-varying stochastic dynamical system
(5.5) possesses unique solutions forward in time for all initial conditions except at x = 0
and, given z(ty) € H,, we denote by the measurable map st (.) & s(- to, z(ty)) the
trajectories or the unique solution curves of (5.5) on Iy, 4(,) satisfying s(0, to, z(to)) = x(to).
Now, defining (1) £ z(t) and x5(7) = t a.s., where 7 2 ¢ — 1, it follows that the solution
x(t), t € Ty 4, to the nonlinear time-varying stochastic dynamical system (5.5) can be
equivalently characterized by the solution z1(7), 7 € Ty 4., to the nonlinear autonomous

stochastic dynamical system

d131<7') = f($2<7->7$1(7—>)d7_ + D(x2(7-)7 xl(T»dw(T)v xl(o) = Zo, TE 720,9307 (56)

dzo(7) = dr, 72(0) = 1o, (5.7)

where Ty, 0y = {7 € Ry : 7 =1t —to,t € Ty, 4, }. Note that (5.6) and (5.7) are in the same
form as the system given by (5.1) and (5.2), and hence, Definition 5.1 applied to (5.6) and

(5.7) specializes to the following definition.

Definition 5.2. The nonlinear stochastic dynamical system (5.5) is (globally) stochastic
finite-time stable if there exists an operator T : [0, 00) X M, — HI called the stochastic

settling-time operator, such that the following statements hold:

i) Finite-time convergence in probability. For every (to,z(ty)) € [0,00) x H,, s07F0)(¢)

is defined on [tg, T'(tg, x(t))) and

P ( lim  ||sor)(4)| = 0) =1
t—T

(to,x(to))
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i1) Lyapunov stability in probability. For every ¢ > 0, p € (0,1), and ¢, € [0, 00), there

exists § = d(g, p,tg) > 0 such that, for every x(ty) € ’HE‘S(O)\{O},

P’fﬁ( sup llstO’“t“’(t)llsE)zup-

t€[0,T (to,x(to0)))

i1i) Finiteness of the stochastic settling-time operator. For every t € [tg,00) and x € H,,
the stochastic settling-time operator T'(¢, x) exists and is finite with probability one, that is,

B0 [T(t, 2)] < 0.

The nonlinear stochastic dynamical system (5.5) is (globally) uniformly stochastic finite-
time stable if (5.5) is (globally) stochastic finite-time stable and the following statement
holds:

iv) Uniform Lyapunov stability in probability. For every e > 0 and p € (0,1) there exists

d = (g, p) > 0 such that, for every z(ty) € ’Hf&(o)\{o}’

pro sup sttt (@) <e | >1—p, toe[0,00).
t€[0,T(to,z(to)))

The nonlinear stochastic dynamical system (5.5) is (globally) strongly uniformly stochastic

finite-time stable if (5.5) is uniformly stochastic finite-time stable and the following statement

holds:

v mite-ttme unijorm convergence in prooaotiity. or ever 0, L\lo < x0) X n
) Finite-ti f gence in probability. F y (to,z(to)) € [0,00) x Hy,

s'02(0) (1) is defined on [ty, T'(to, z(ty))) and

t—T

(to,z(t0))

uniformly in tq for all ¢y € [0, 00).

Remark 5.1. The notion of finite-time stability introduced here is different from the
same term discussed in [35]. Specifically, the term finite-time stability discussed in [35] deals
with systems whose operation is constrained to a fixed finite interval of time and requires

bounds on the system state variables.
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5.3. Stochastic Finite-Time Partial Stability Theory

In this section, we address finite-time partial stability in probability for equilibria of
Markov diffusion processes that have unique solutions. Sample continuity and uniqueness
render the system solutions continuous with respect to the system initial conditions, and
hence, the solutions define a time-homogeneous semigroup of Markov kernels. The follow-
ing proposition shows that if the nonlinear stochastic dynamical system (5.1) and (5.2) is
stochastic finite-time stable with respect to zy, then (5.1) and (5.2) possesses a unique so-
lution s(-, 21(0), 79(0)) defined on Ry x H,, X Hy,, for every x;(0) € H,, and, for every
22(0) € Hpy,

pro ( sup ||s1(t, 21(0), 22(0))|| = O) =1,
>T(

21(0),22(0))

where z(0) £ [21(0)T, 25(0)™]T and T(0, 22(0)) £ 0 a.s.

Proposition 5.1. Consider the nonlinear stochastic dynamical system G given by (5.1)
and (5.2). Assume that G is globally stochastic finite-time stable with respect to z; and let
T+ Moy x My, — H be defined as in Definition 5.1. Then, for every (z1(0), 22(0)) € Hy, X
H.,.,, there exists a unique solution s(t, z1(0), 22(0)) = [s] (¢, 21(0), 22(0)), s5 (£, 21(0), z2(0))]*,
t >0, to (5.1) and (5.2) defined on Ry x H,, x H,, such that s,(¢,z1(0),22(0)) € Hp,,
t € [0,T(21(0), 22(0))), and such that P (SUp;>pe, (0).2000)) 151 (£ 21(0), 22(0))|| = 0) = 1,

where x¢ £ [2], 23,]" and T(0, 72(0)) £ 0 a.s.

Proof: It follows from the partial Lyapunov stability in probability of (5.1) and (5.2)
with respect to z; that z;(t) = 0, ¢ > 0, is the unique solution of (5.1) satisfying z;(0) % 0
for all 25(0) € H,,. Thus, 51(¢,0,25(0)) = 0 for all £+ > 0 and 25(0) € H,,. Next, let T(-,-)

be as in Definition 5.1, and let (z(0), 22(0)) € Hry " x H,,,. Furthermore, define

A 31<t71‘1(0),1’2(0)), 0<t< T(x1(0)7x2(0>)7
n 2 0. > T(4(0),22(0)). 58)
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Note that by construction, the stochastic differential of x;(-) is sample continuous (i.e., almost
surely continuous) on R, \ {T(z1(0), 22(0))} and satisfies (5.1) on R, \{T(21(0), 72(0))}.

Furthermore, since fi(-,) and Dy(-,) are jointly continuous,

&
n

lim da(t) lim (fi(z1(t), z2(t))dt + Dy(z1(t), z2(t))dw(t))

t—T~ (21(0),z2(0)) t—T~ (21(0),z2(0))

lim (fl(xl(t)a 2(t))dt + Di(z1(2), $2(t))dw<t))

t—T+ (21(0),22(0))

lim dl'l (t> )
t—T+(x1(0),22(0))

®
w

I
®n

and hence, z1(-) has a sample continuous stochastic differential at T'(x1(0), x2(0)) and ()
satisfies (5.1). Hence, it follows from the assumptions on fo(-, ) and Ds(-, -) that, given x;(t),
t > 0, there exists zo(t) such that z(t) = [ (), 23 (t)]* is solution of (5.1) and (5.2) for all

(21(0), 22(0)) € Hr, M x H,, and t > 0.

Given (z1(0),22(0)) € H,, X Han,, to show uniqueness, up to equivalence, assume 7, (-)
satisfies (5.1) for all £ > 0. In this case, x1(t) = y,(t) for all t € [0, T(21(0),22(0))) by the
uniqueness assumption in Section 5.2. In addition, by sample continuity, x1(t) = y(¢) at
t = T(z1(0),25(0)), and hence, z(t) = y(¢) for all t € [0, T(21(0),22(0))], which implies
that y;(71(0),22(0))) == 0. Now, partial Lyapunov stability in probability with respect to
x1 implies that y(¢) % 0 for ¢t > T(21(0), 22(0)), which proves uniqueness of z1(-). Hence,
uniqueness of z(-) = [z (-), z3 (-)]* immediately follows from the assumptions in Section 5.2.

This proves the result. O

It follows from Proposition 5.1 and the assumptions on fy(-,-) and Ds(-,-) that if the
nonlinear stochastic dynamical system (5.1) and (5.2) is stochastic finite-time stable with
respect to xq, then it defines a global semiflow on H.,, X H,,; that is, the solution curve s(-, -, -)
of (5.1) and (5.2) satisfies the consistency property s(0,z1,75) = [z],23]T and the semigroup
property s(t, s1(T, 21, T2), so(7T, 21, 72)) = s(t + 7,21, 72) for every (z1,29) € Hpy X Hp, and

t, 7 € Ry. Furthermore, s(-,-,-) satisfies s1(7(z1(0),22(0)) + t1,21(0), 22(0)) %= 0 for all

(21(0),22(0)) € Hp, X Hypy, and t; > 0. It is easy to see from Definition 5.1 that

L) (OPmdnb ey : 51 (£, 21(0), 72(0) = 0}, (21(0), 22(0)) € HE"™MV x 7.,
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In general, stochastic finite-time partial stability does not imply that the stochastic
settling-time operator T'(-,-) is sample continuous. The following proposition shows that
the stochastic settling-time operator T'(-, -) of a stochastic finite-time partially stable system

is jointly sample continuous on H,, X H,, if and only if it is sample continuous at (0, ).

Proposition 5.2. Consider the nonlinear stochastic dynamical system G given by (5.1)
and (5.2). Assume G is stochastic finite-time stable with respect to 1. Let T': H,, X Hp, —

H[lo’oo) be the stochastic settling-time operator. Then the following statements hold:

i) If t; > 0 and (21(0),22(0)) € Hyy X Hapy, then

T(Sl (tl, I1(0>, IQ(O)), SQ(tl, T (0), IQ(O))) el maX{T(xl (0), I‘Q(O)) - tl, 0} (59)

it) T(-,-) is jointly sample continuous on H,,, x H,, if and only if 7°(-,-) is jointly sample

continuous at (0, z3), To € Hp,.

Proof: i) It follows from Definition 5.1 that
T(x1(0),z2(0)) = inf{t € Ry : s1(¢t,21(0),22(0)) = 0} (5.10)

for all (z,(0),22(0)) € Ha M x 94, . Hence, T(s1(t1, 21(0), 22(0)), 2(t1, 71(0), 22(0))) =
inf{tg < R+ : Sl(tg,81<t1,l’1(0)7$2(0)),SQ(lfl,l’l(O),ZEQ(O))) = 0} :NOVV7 for 0 <t < T([L‘1<0),

x2(0)), the semigroup property and (5.10) imply that

T'(s1(t1, 21(0), 22(0)), s2(t1, 71(0), 2(0)))
= inf{tg - R+ : Sl(tg, 31(t1,x1(0)7$2<0))a 32(t17x1(0)>x2<0))) - 0}

= inf{ty € Ry : s1(t1 + ta,21(0), 22(0)) = 0}

= T(21(0), 22(0) — t.

I
o

Alternatively, for 0 < T'(z1(0),22(0)) < t1, T(s1(t1,21(0),22(0)), sa(t1, 21(0), 22(0)))

I
o

which proves (5.9).
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i1) Necessity is immediate. To prove sufficiency, suppose that T'(-,-) is jointly sample
continuous at (0,22), xo € Hp,. Let (v1,22) € H,, X H,, and consider the sequences
{z1,}52, € H,,, converging pointwise to z1 and {x9,}22, € H,, converging pointwise to xs.
Let 7= = lim inf,, o T(Z1n, Z2,) and 71 = lim sup,,_, . T(Z1, T2,) be pointwise limits. Note

a.s.
that 7=, 77 € ’H]f{* and 7~ < 7.

Next, let {z1n,, }o°_o € Hn, be a subsequence of {x,} and {za,,, }5°_, € H,, be a subse-
quence of {xy,} such that T(z1,,,,2on, ) — 7+ as m — oo. The sequence {(T(zy1,73), T1n,,,
Top,, ) }o°_, converges in Him X Hpy X Hp, to (T(xq,x2),21,29) almost surely as m —
oo. Since s1(T(z1,2) + t1,21,25) = 0 for all ¢, > 0 and since all solutions to (5.1)
and (5.2) are sample continuous in their initial conditions [6, Thm. 7.3.1], it follows that
s1(T (21, 22), Tin,,, Ton, ) — s1(T(x1,25),21,72) = 0 as m — oo. Thus, since T(0,z,) is

sample continuous for all zo € H,,, it follows that

&
)

T(sl(T(wla :U2)7 T1np, s x2nm)7 82<T(x17 $2)7 Ting,, xQnm)) a_.s; T<O7 82<T(x17 3:2)7 T, xQ)) 0.

(5.11)

Now, with ¢, = T'(z1,x2), £1(0) = z1,,,, and x5(0) = xg,,,, it follows from (5.9) and
(5.11) that T(s1(T(x1,72), Tin, , Ton,,), S2(T (21, T2), T1n,,, Ton,,)) = max {T(z1,,,, Ton, ) —
T(x1,75),0} and max {T(x1,,,, Ton,, ) — T(z1,22),0} =3 0 as m — oo. Thus, max {7+ —

T(x1,25),0} = 0, which implies that 77+ < T(x1,x2).

Finally, let {z1,, }32, € Hn, be a subsequence of {z,} and {za,, }32, € Hn, be a sub-
sequence of {zy,} such that T(x1,,,To,,) — 7~ as k — oo. It follows from 7~ a‘gs. 7T and
T+ a'gs' T(xy1,25) that 7= € H*, and hence, the sequence {(T(Z1n,,Zon, ) T, Tany ) 52y
converges pointwise to (77, z1,x2) as k — oo. Since sq(+,-,-) is jointly sample continu-

a.s

ous, it follows that s1(T(x1n,, Ton,), T1in,s Tan, ) X sy (17,21, 12) as k — oco. Now, since

s1(T (21, 29)+t1, 1, 75) = 0forallt; >0, $1(T(X1ny,, Tany )s Ting> T2ny ) %2 0 for each k. Hence,

I

.S.

s1(77, 21, 22) 2= 0 and, by the definition of the settling-time operator, T'(x1,25) < 7~. Now,

. a.s. a.s. a.s. a.s. a.s.
it follows from 7= < 7. 77 < T(x1,23), and T(xq1,22) < 77 that 77 = T(zy,29) = 7

Y
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a.s

and hence, T(x1,, x2,) — T(x1,22) as n — oo, which proves that T'(-,-) is jointly sample

continuous on H,, X H,,. O

Next, we present sufficient conditions for stochastic finite-time partial stability using a

Lyapunov function involving a scalar differential inequality.

Theorem 5.1. Consider the nonlinear stochastic dynamical system G given by (5.1) and

(5.2). Then the following statements hold:

i) If there exist a two-times continuously differentiable function V' : R™ xR" — R, a class
K« function «a(+), a continuously differentiable function r : R, — R, a continuous function
k:[0,00) — Ry such that k(||z2(t)||) is Fi-submartingale, and, for all (z1,z5) € R™ x R"2,

a([[z1]]) < V(zy, 22), (5.13)

V' (2, @9) f (21, 22) + %tr DY (z1, 29) V" (21, 22) D(21, 23) < —k(||aa|)r(V (21, 22)), (5.14)

/6 % <00, €€][0,00), (5.15)
r'(v) >0, v >0, (5.16)

then G is globally stochastic finite-time stable with respect to x;. Moreover, there exists a
settling-time operator 1" : H,, X H,, — HQO’OO) such that

d_U
r(v)

where ¢ : [0, 00) — [0, 00) is continuously differentiable and satisfies

V(z10,220)
E*o [T(SEl(O),JjQ(O))} < qil (/ ) s ($10,x20) e R™ x an, (517)
0

q(t) =E*[k([z2()[)],  ¢(0)=0, t=0. (5.18)

i1) If there exist a two-times continuously differentiable function V' : R™ xR — R, class
K« functions a(+) and §(+), a continuous function k : [0,00) — R, such that k(||z2(t)]|) is Fi-
submartingale, a continuously differentiable function r : Ry — R, such that (5.13)—(5.16)

hold, and
Vi) < B(||x1]), (x1,m9) € R™ x R™| (5.19)
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then G is globally stochastic finite-time stable with respect to x; uniformly in z9y. Moreover,

there exists a stochastic settling-time operator 1" : H,,, X H,, — ’H[lo’oo) such that (5.17) holds.

i11) If there exist a two-times continuously differentiable function V' : R™ x R" — R,
class Koo functions a(-) and £(-), and a continuously differentiable function r : R, — R,
such that (5.13)—(5.16), and (5.19) hold with k(||z2]|) = k € Ry, 25 € R™?, then G is globally
strongly stochastic finite-time stable with respect to x; uniformly in x99. Moreover, there

exists a stochastic settling-time operator 1" : H,,, X H,, — 7-[[10’00) such that

dv
kr(v)’

V(z10,220)
EIO[T<ZL‘1(0),$2(O))] < / (ZElo,ZL‘Qo) e R™ x R™, (520)
0

Proof. i) Let ;1 € R™, @y € R™, ¢ > 0, and p > 0, and define D., = {z; €
B.(0) : V(x1,29) < al(e)p}. Since V(-,-) is continuous and V' (0,z9) = 0, it follows that
D, , is nonempty and there exists § = (e, p, x20) > 0 such that V(zq,29) < a(e)p, z1 €
Bs5(0). Hence, Bs(0) C D, ,. Next, it follows from (5.14) that V(x1(t), z2(t)) is a (positive)
supermartingale [67, Lemma 5.4], and hence, for every x1(0) € HZO 4P it follows from

(5.13), with a(-) € Kw, and the extended version of the Markov inequality for monotonically

increasing functions [41, p. 193] that

peo (Sup 2 (8] > 5> < sup E*[a(||z1(t)]])]

>0 t>0 04(5)
< gy F G0
E0[V (2, (0), 22(0))]
a(e)

<

<p

— )

which proves partial Lyapunov stability in probability with respect to x;.

To prove global partial asymptotic stability in probability, it follows from (5.14) and
[75, Corollary 4.2] that limy s k(||z2(t)|)7(V (z1(t), 22(t)) = 0. Since k(||zo(t)]]) is Fi-

a.s.

submartingale, it follows that lim, . 7(V (z1(t), z2(t)) 0, which, since r : R, — Ry,
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further implies that lim, ,o, V (z1(t), 22(t)) = 0. Now, it follows from (5.13) that

a.

@

Jim ol (5)]) < Jim V(s (6), 72(0)

0,

which implies P* (lim; , ||z1(¢)|| = 0) = 1. Hence, G is globally partially asymptotically
stable in probability and the stochastic settling-time operator T'(x1(0), 22(0)) < oo almost

surely [29].

Next, we show that T'(x1(0), z2(0)) is finite with probability one and satisfies (5.17), and
hence, E" [T'(21(0), 23(0))] < oo. Define Ty 2 T(21(0), z2(0)), z(t) 2 [T (¢), 23(2)]", and
a(V) = OV 7}2—;’), V € R,. Now, using Ito’s (chain rule) formula the stochastic differential of

V(z(t)) along the system trajectories x(t), t > 0, is given by

AV (z(t)) = LV (x(t))dt + Z—ZD(:c(t))dw(t).

Next, using (5.14) it follows that

)
)

To 1 ov
—)+/0 W%D(m(ﬂ)dw(ﬂ

Once again, using Ito’s (chain rule) formula it follows that

da(V(z)) Pa(V(z))

da(V(z(t))) = [Tf(m(t)) + %tr DT(a:)TD(x)] dt + wa(t)

da(V)) 0V (x) 1 v, 0 (da(V)OV(z)
da(V)) oV (x)
dV Oz dw(t)

_ da(V)) {(8‘/(‘%) Flx(t) + ltr DT(;U)MD(QU)) dt + av—(x)dw(t)}

dv O 2 O O
PSRN (8V(m))Td2a(V) <8V(az)> D)

ox dVv?2 ox
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da(V)) 1 aV(x)\" d2a(V) [0V (z)
:TdV(m(t))+§trD (m)( e ) e ( e )D(w)dt.

(5.22)

Hence, it follows from (5.21) and (5.16) that

| Kleamar < [T —aaViet) + [ s SD o)

0

o [ e (2 (V)

= a(V(2(0))) — a(V(2(Ty))) +/0 0 m%

_ /O K :fav/)) %tr (%gf) DT@:))T (a‘g—g(f)p(x)> dr

V)

V(z(Tp)) dv To 1 oV
< ) -/ ﬁ*f r<v<x<f>>>%D(z(”)dwg)z'g)

D(x(r))dw(r)

a.s.

Taking the expectation on both sides of (5.23) and using the fact that z(0) = z, and

oo UOTOk(”xQ(T)H)dT] < /OWO) %. (5.24)

Next, since ¢ : [0,00) — R is continuously differentiable and satisfies (5.18), and, by

2(Ty) = 0 yields

assumption, the process k(||z2(t))||) is a positive Fi-submartingale, it follows that ¢(-) is
convex, monotonically increasing, and invertible. Hence, applying Jensen’s inequality [41, p.
109], Fubini’s theorem [4, p. 410], and the law of iterated expectation on the random variable

q(T(x1(0),22(0))) yields

E™ [T(21(0), 22(0))] = ¢~ (¢(E™ [T'(21(0), 22(0))]))

< q (™ (T (21(0), 22(0)))])

— ot ([ [ B ]
=t (e [ | [ hnatoarm| |
=t (o [ Mt )
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. Vizo) qq
<q (/0 m) , (5.25)

which shows that T'(x1(0), 22(0)) is finite with probability one. Moreover, it follows from the
stochastic finite-time stability of G with respect to x; and Proposition 5.1 that 7'(-,-) can be

extended to ”H;ﬁ* and T'(0, z4) = 0.

it) Let p > 0, 19 € R™, and x99 € R™. Since a(-) and [(-) are class K, functions, it
follows that, for every ¢ > 0, there exists § = (e, p) > 0 such that 5(5) < a(e)p. Now,
(5.14) implies that V(z1(t), z2(t)) is a (positive) supermartingale, and hence, it follows from

(5.13) and (5.19) that, for all (z1(0),22(0)) € HZ® x H,, .

E* [a(]|lz1()]])]

P (sup e (O] > ) < sup
t>0

>0 a(e)

< sup E#[V (z1(t), x2(t))]
>0 a(e)

_ B[V (1(0), 25(0)]

= a(e)
B)

= a(e)

<p

Hence, for every x1(0) € 550 x1(t) € #5© '+ > 0, which proves uniform Lyapunov

stability in probability with respect to z;. Stochastic finite-time partial convergence follows
as in the proof of i), implying global stochastic finite-time stability of G with respect to
x1 uniformly in z9y. In addition, the existence of a stochastic settling-time operator T :

Hpy X Hiy — H[lo’oo) that verifies (5.17) follows as in the proof of 7).

i11) Global uniform stochastic finite-time stability of G with respect to x; directly follows
from 4i). Now, using similar arguments as in the proof of i), ¢7*(-) = 7(-) directly follows
from (5.18) with k(||z2]|) = k € Ry, 22 € R™. Now, the existence a stochastic settling-time
operator T : H,, X Hpy, — H[lo’oo) such that (5.20) holds follows as in the proof of i) and
(5.17). Since E™[T'(x1(0),22(0)])] is not a function of z(¢),t > 0, strong stochastic finite-

time convergenceof G.with.respect to x1 uniformly in x5 is immediate. Hence, the nonlinear
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stochastic dynamical system G is globally strongly stochastic finite-time stable with respect
O

to z1 uniformly in zg.

Remark 5.2. If (V) = ¢V where ¢ > 0 and 6 € (0, 1), then r(-) satisfies (5.15) and

(5.16). In this case, (5.17) becomes
L Vi(@io, w20)" "

xo < 1 ? .
B (7(21(0), 22(0)] < g <—c(1 =

For deterministic dynamical systems, this specialization recovers the finite-time, partial-state

stability results given in [69] and the finite-time, full-state stability results given in [17].

Example 5.1. Consider the nonlinear stochastic dynamical system given by

dz(t) = [—x1(t) — x% ()3 (t)]dt + 21 (t)dw(t), 21(0) 2 210, t>0, (5.26)
(5.27)

dCL’Q(t) = l‘z(t)dt + l’g(t)d’LU(t), l‘z(O) = T0-

To show that (5.26) and (5.27) is globally stochastic finite-time stable with respect to

4
uniformly in xg9, consider the Lyapunov function candidate V' (z1,z5) = 2 and let D = R.

Clearly, (5.12), (5.13), and (5.19) hold, and

4 1 1, 2 4 4, 2
LV(wr,32) = gof (—a1 —afad) + saf < —zadal = —k(laal)) (V(@1,22)%

(5.28)

(SIS

where k(||z2||) = [|@2||*>. Furthermore,

and hence, k(||z2(t)]|) is a positive Fy-submartingale. Hence, it follows from #ii) of Theorem

5.1 that (5.26) and (5.27) is globally stochastic finite-time stable with respect to x; uniformly
A

in T90-

The following results specialize Propositions 5.1 and Theorem 5.1 to nonlinear time-

122
www.manharaa.com




Proposition 5.3. Consider the nonlinear stochastic dynamical system G given by (5.5).
Assume that G is globally stochastic finite-time stable and let T : [0, 00) X O ’H[lto’oo)
be defined as in Definition 5.2. Then, for every (tg,z(ty)) € [0,00) X H,, there exists a
solution s(t,to, z(ty)), t > to, unique up to equivalence, to (5.5) such that s(t,to, z(ty)) €
Hn, t € [to, T(to, z(to))), and such that P (Sup;sre, 2(t0)) I15(E to, 2(t0))[| = 0) = 1, where
T(t,0) = 0.

Proof: The result is a direct consequence of Proposition 5.1 with ny =n, no = 1, z1(t —
to) = x(t), m2(t —to) = ¢, fi(z1,22) = fi(xe, 21) = f(t, ), Di(21,22) = Di(22,71) = D(t, ),
fo(@1,22) = 1, Dy(w1,22) = Da(xs,21) = 0, and T'(z10, 720) = T'(220, 210) = T'(to, o). U

Theorem 5.2. Consider the nonlinear dynamical system G given by (5.5). Then the

following statements hold:

i) If there exist a two-times continuously differentiable function V' : [tg,00) x R" — R,
a class K function a(-), a continuous monotonically increasing function & : [ty, 00) — R,
and a continuously differentiable function r : Ry — R, such that (5.15) and (5.16) hold,

and, for all (t,z) € [ty,00) x R™,

V(t,0) =0, (5.29)
a(llell) < V(t,), (5.30)
W) LD 14,09 4 e D7) 2 D Do) < kvt (531

ot Ox O0x?

then G is globally stochastic finite-time stable. Moreover, there exists a a stochastic settling-
time operator 1" : [tg, 00) X H,, — [ty, 00) such that

V(to,xo) dv
r(v)

where ¢ : [0,00) — R is continuously differentiable and satisfies

Emnwmxmm]gq4<A ), (to, o) € [0,00) x R",  (5.32)

it) = k(t), q0) =0, t>0. (5.33)
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i1) If there exists a two-times continuously differentiable function V' : [tg,00) x R" —

R, class Ko functions «(-) and f(), a continuous monotonically increasing function k :

[tp,00) — R, and a continuously differentiable function r : Ry — R, such that (5.30)—
(5.31) hold and

Vit,x) < B(llel), () € [to,00) x R, (5.34)

then G is globally uniformly stochastic finite-time stable. Moreover, there exists a stochastic

settling-time operator 1" : [0,00) X H,, — #*) such that (5.32) holds.

i) If there exists a two-times continuously differentiable function V' : [y, 00) x R" — R,
class Koo functions a(-) and £(-), and a continuously differentiable function r : Ry — Ry
such that (5.15), (5.16), (5.30)—(5.31), and (5.34) hold with k(t) = k € Ry, t > ty, then
G is globally strongly uniformly stochastic finite-time stable. Moreover, there exists a a

stochastic settling-time operator 7" : [0, 00) X H,, — ’H[lo’oo) such that

dv
kr(v)’

BT (1o, 2(t0))] < /() (t0,70) € [0,00) X B".  (5.35)

Proof: The result is a direct consequence of Theorem 5.1 using a similar construction

as in the proof of Proposition 5.3. 0O

Example 5.2. Consider the nonlinear time-varying stochastic dynamical system given

by

a.s

|dt 4+ 2 sin tdw(t), x(tg) = o, t > to. (5.36)

=

da(t) = [—x(t) — ¢ (x(t))
To show that the zero solution z(t) = 0 to (5.36) is globally uniformly stochastic finite-time

stable, consider the Lyapunov function candidate V(t,z) = 25 and let D = R. Clearly,
(5.29), (5.30), and (5.34) hold, and

oV(t,z) OV(tx) 1, (OPV(tx)
t —tr D~ (¢ D(t
5 T gy (b)) +otr DUt 2)—0 5—D(t, z)
4 1 1
= §$§ <—x — tg:§> + Za3sin’t
4 10 2 2 4
= —gtxg — goxf’ — §xf’ (1 — sin? t)
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win

4
< ——tzx
3

[NIE

= —k(t) (V(t,2))?, (5.37)

where k(t) = 3t > 0, ¢ > to. Hence, it follows from iii) of Theorem 5.2 that the zero solution

2(t) = 0 to (5.36) is globally uniformly stochastic finite-time stable. A
5.4. Stochastic Optimal Finite-Time, Partial-State Stabilization

In the first part of this section, we provide connections between Lyapunov functions and
nonquadratic cost evaluation. Specifically, we consider the problem of evaluating a nonlinear-
nonquadratic performance measure that depends on the solution of the nonlinear stochastic
dynamical system given by (5.1) and (5.2). In particular, we prove stochastic finite-time
partial stability of (5.1) and (5.2), and show that the nonlinear-nonquadratic performance
measure

J(l’lo, 1’20) £ E*o |:/ L([Bl(t), Z’Q(t))dt s (538)

0
where 79 = [, 75T, L : R™ x R"™ — R is jointly continuous in x; and @y, and z;(t)
and z5(t), t > 0, satisfy (5.1) and (5.2), can be evaluated in a convenient form so long as
(5.1) and (5.2) are related to an underlying Lyapunov function that is positive definite and
decrescent with respect to z; and is related to an underlying Lyapunov function satistying

an appropriate differential inequality.

Theorem 5.3. Consider the nonlinear stochastic dynamical system G given by (5.1) and
(5.2) with performance measure (5.38). Assume that there exists a two-times continuously
differentiable function V : R™ x R"2 — R, class K, functions «(-) and 3(-), a continuously
differentiable function r : R, — R,, a continuous function k : [0,00) — R, such that
k(||x2(t)]) is Fi-submartingale such that (5.13)—(5.16) and (5.19) hold, and, for all (z,z5) €
R™ x R"™2,

1
L(zq, 20) 4+ V' (23, 20) f (11, 19) + étr DY (21, 29)V" (21, 22) D(1, 75) = 0. (5.39)
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Then the nonlinear stochastic dynamical system G is stochastic finite-time stable with respect
to x; uniformly in x9y and there exists a settling-time operator 1" : H,,, X H,, — ’H[lo’oo)
such that (5.17) holds and satisfies (5.18). In addition, J(xi9,220) = V (210, 220) for all

(T10, T20) € R™ x R™.

Proof: Let z1(t) and 25(t), t > 0, satisfy (5.1) and (5.2). Then, it follows from Definition

4.1 and (5.14) that

LV (21(t), 22(t)) = V(1 (), w2(t) f(x1(t), 22(t)) + %tr D (w1(t), 2a()V" (21 (t), 72(t))

- D(1 (), (1)) < —k([lz2(0) [ )r(V (21 (t), 22(8))),  t=0. (540

Thus, it follows from Theorem 5.1 that G is globally stochastic finite-time stable with respect
to xy uniformly in x5. In addition, it follows from Theorem 5.1 that there exists a settling-
time operator 1" : H,,, X Hp, — ’H[lo’oo) such that (5.17) holds. Now, using Ito’s (chain rule)
formula it follows that the stochastic differential of V' (z1(t),z2(t)) along the trajectories of

(21(t), 22(t)), t > 0, is given by
AV (21 (8), 22(t)) = LV (21(t), 22(£)) At + V' (21 (£), 22(£)) D(x1 (1), 2o(£))dw(t), > 0. (5.41)

Hence, using (5.39) it follows that

L1 (t), wa(t))dt + AV (a4 (£), 2a(t))

= (L(m(t),m(t)) - av(“g;)l’ 220 (1 (0), 2alt)) + av(“éi); 220 s (), a0

1 - 02V (x1(t), 22(1))
+5tr Dy (21(2), (1)) 0

+ %tr Dg(xl(t),$2(t))a V@l@(g?g, 15(t))
_ WV(=(t)
ox

Di(z1(t), z2(t))

DQ(I’l(t), IQ(f))) dt
D(1(t), z5(t))dw(t)

D(xy(t), z2(t))dw(t). (5.42)

Let {t,}>°, be a monotonic sequence of positive numbers with ¢, — 0o as n — oo,

Tinsdeultos00)bethe first.exit (stopping) time of the solution x4 (t) and xo(t), t > to, from
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the set B,,(0) x R™, and let 7 = limy,_o0 7. Now, integrating (5.42) over [to, min{t,, 7, },

where (n,m) € Zy X Z,, yields
min{tn,7m }
/ L(z1(t), z2(t)) dt

’ min{tn,7m } min{tn,mm } T
= —/ dV(:icl(t),:v2(t))—|—/ wD(xl(t),@(t))dw(t)

to to ox
= V(z1(to), za(to)) — V(21 (min{t,, 7n}), zo(min{t,, 7 }))

min{tpn,m } T
n / N @) by (1), at))dw(t). (5.43)

to Ox

Next, taking the expectation on both sides of (5.43) yields

min{ty,mm }
/ L1 (), 22(8)) dt]

to

E*

= [0 |:V(x1(t0)7 2(to)) — V(w1 (min{tn, 7in}), 22 (min{tn, 7in}))

min{tn,7m } T
+/ wD(xl(t), xo(t))dw(t)

to ox
= V(.Tl(), .Tg()) — E*° [V(xl(min{tn, Tm}), xz(min{tn, Tm}))] . (544)

Now, noting that L(z1,x2) > 0, (z1,22) € R™ X R, the sequence of random variables

{fn,m}%?m:o g Hl, where

min{tn,7m }
fan® [ L0, aatt)at,
to
is a pointwise nondecreasing sequence in n and m of nonnegative F;-measurable random
variables on ). Moreover, defining the improper integral
[e.e]
/ L (1), 2o(8))dt
to

as the limit of a sequence of proper integrals, it follows from the Lebesgue monotone con-

vergence theorem [3] that

min{ty,7m }
lim lim B [ / L (£), 2a(8)) dt]

to

mM—00 N—00

min{ty,7m }
— | Zo 1
= 'rrlzl—l;lgoE nh—>nolo/t L(z1(t), zo(t)) dt
127
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_ g [ lim /t:" L(z1 (£), 22(8)) dt]

m— 00

_ g [ / " Ll (1), ma(1) dt]

to

= J(l‘lo,CCQ()). (545)

Next, since G is globally stochastic finite-time stable in probability with respect to x;
uniformly in x99, V(+, ) is continuous, and V' (z1(t), x2(t)), t > to, is positive supermartingale
by (5.14) and [67, Lemma 5.4], it follows from [67, Theorem 5.1] that

lim lim E™ [V (2 (min{t,, 7,n}), xo(min{t,, 7, }))]

m—r00 N—00

= lim E® [nh_glo V(:El(min{tn,fm}),xg(min{tn,Tm}))]

m—o0

_ E¥o [nm lim V(:El(min{tn,’rm}),:Ug(min{tn,Tm}))] . (5.46)

mMm—r00 N—r00

Now, it follows from (5.13) and (5.19) that

V(w1,230) — B | i Tim 3 (|l (min{ty, 7))

m—r0o0 N—r00

< V(x19,x90) — E™ [ lim lim V(xy(min{t,, 7,,}), z2(min{t,, Tm}))]

m—00 N—r00

< V (210, 229) — E® [ lim lim a (||x1(min{tn,7'm})]|)] : (5.47)

m—00 N—00

and hence, taking the limit as n — oo and m — oo on both sides of (5.44), using (5.45) and

(5.46), and using the continuity of «(-) and f(-), we obtain

V (210, 220) — E™ [5 ( lim lim ||:1:1(min{tn,7m})||)]

mM—00 N—00

< (w10, 820) < V{0, 220) — B [ (lim lim [y (mingt,, 7 })]])]
(5.48)

Now, J(x10,220) = V (210, 220) for all (z10,22) € R™ x R, is a direct consequence of
(5.48) by using the fact that limy_7 (g, (0)ws(0)) Z1(t) 2 1imy 0o 71(t) 2 0 and a(-) and B(-)
are class IC, functions. Finally, if k(x9) = k € Ry, 2o € R, then globally strong stochastic

finite-time stability is direct consequence of i) of Theorem 5.1. O
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The following corollary to Theorem 5.3 considers the nonautonomous stochastic dynam-
ical system (5.5) with performance measure
J(tg, 29) £ E* U L(t,m(t))dt} : (5.49)
to

where L : [tg,00) x R™ — R is jointly continuous in ¢ and z, and x(t), t > to, satisfies (5.5).

Corollary 5.1. Consider the nonlinear time-varying stochastic dynamical system (5.5)
with performance measure (5.49). Assume that there exists a continuously differentiable
function V' : [tg,00) x R" — R, class K functions «(:) and [3(-), and a continuously
differentiable function r : Ry — Ry such that (5.15), (5.16), (5.30), (5.31), and (5.34) hold,

and, for all (t,z) € [ty,00) x R™,

0= oV (t,x) L) + 8V(t,x)f(t’ o)+ ltr Pt x)aﬂ/(t,x)

— D(t, x). 5.50
ot Oz 2 g2 D) (5.50)
Then the nonlinear time-varying stochastic dynamical system (5.5) is globally uniformly
stochastic finite-time stable and there exists a settling-time operator T : [0,00) x HP0 —

H[lto’oo) such that (5.32) holds and satisfies (5.33). In addition, J(ty,xo) = V (to, o) for all

(to,xo) € [0,00) x R™.

Proof: The result is a direct consequence of Theorem 5.3. O

Next, we use the framework developed in Theorem 5.3 to obtain a characterization of
stochastic optimal feedback controllers that guarantee closed-loop stochastic finite-time par-
tial stabilization. Specifically, sufficient conditions for optimality are given in a form that
corresponds to a steady-state version of the stochastic Hamilton-Jacobi-Bellman equation.
To address the problem of characterizing stochastic finite-time partially stabilizing feedback

controllers, consider the controlled stochastic nonlinear dynamical system
dl’l(t) = F1<J]1(t), .Tg(t), U(t))dt + D1<$1(t)7 ZL’Q(Zf), U(t))d?ﬂ(t), 1'1(0) El 10, t Z 0,
(5.5
dl‘g(t) = FQ(.’L’l(t), .”L'z(t), u(t))dt + DQ([L’1 (t), $2(t), u(t))dw(t), $2(0) = T90, (552)
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where, for every t > 0, x1(t) € Hp,, F1 : R xR"™ xR™ — R™ | F, : R™ xR x R™ — R"2,
Di: R™ x R™ x R™ — R4, D, : R™ x R™ x R™ — R™*4, and F(0,25,0) = 0 and

D1(0,x2,0) =0 for every xo € R"2.

Here once again we assume that wu(-) satisfies sufficient regularity conditions such that
(5.51) and (5.52) has a unique solution forward in time. Specifically, we assume that
the control process u(-) in (5.51) and (5.52) is restricted to the class of admissible con-
trols consisting of measurable functions u(-) adapted to the filtration {F;};>¢ such that
u(t) € Hpm, t > 0, and, for all t > s, w(t) — w(s) is independent of u(7),w(r),7 < s, and
2(0) = [z1(0), 23 (0)]F, and hence, u(-) is nonanticipative. Furthermore, we assume u(-)
takes values in a compact, metrizable set & and the uniform Lipschitz continuity (5.4) and
growth restriction condition || f(z)||> + ||D(2)||3 < L*(1 + ||z]|?), = € R™*72)\ {0}, hold
for the controlled drift and diffusion terms F(x1, 2o, u) = [F{' (21, 29, u), Fy (21, 22, u)]" and
D(x1,29,u) = [DI(x1,29,u), DI (21,29, u)]T uniformly in u. In this case, it follows from
Theorem 2.2.4 of [5] that there exists a pathwise unique solution to (5.51) and (5.52) in
(9, {F hiz0, B).

A measurable function ¢ : R" x R" — R™ satisfying ¢(0,z5) = 0, 5 € R™?, is called a
control law. If u(t) = ¢(x1(t), z2(t)), t > 0, where ¢(-,-) is a control law and x;(t) and x(t)
satisfy (5.51) and (5.52), then we call u(-) a feedback control law. Note that the feedback

control law is an admissible control since ¢(-, ) has values in H,,.

Definition 5.3. Consider the controlled stochastic nonlinear dynamical system given
by (5.51) and (5.52). The feedback control law u = ¢(z1,x2) is globally strongly stochastic
finite-time stabilizing with respect to x1 uniformly in 9 if the closed-loop system (5.51) and
(5.52) with u = ¢(z1, x5) is globally strongly stochastic finite-time stable with respect to z

uniformly in xo.

Next, we present a main theorem for strong stochastic finite-time, partial-state stabi-

lization.characterizing feedback controllers that guarantee closed-loop stochastic finite-time
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partial stability and minimize a nonlinear-nonquadratic performance functional. For the
statement of this result, let L : R™ x R™ x R™ — R be jointly continuous in x, x5, and wu,

and define the set of partial regulation controllers given by

S(21(0),22(0)) = {u(-) : u(-) is admissible and (-) given by (5.51)

satisfies (1) 23 0 as t 23 T'(21(0), 22(0))},

where T': H,,, X Hp, — H[lo’oo) is the stochastic settling-time operator. Note that restricting
our minimization problem to u(-) € S(z1(0),z2(0)), that is, inputs corresponding to partial-
state null convergent in probability solutions, can be interpreted as incorporating a partial-
state system detectability condition through the cost. In addition, since stochastic finite-
time partial convergence is a stronger condition than asymptotic partial-state convergence in
probability, S(x1(0), z2(0)) includes the set of all partial-state null asymptotically convergent

in probability controllers.

Theorem 5.4. Consider the controlled stochastic nonlinear dynamical system G given

by (5.51) and (5.52) with performance functional

(10, 720, ul-)) 2 B [ /0 L (1), (), u(t)) dt| (5.53)

where u(-) is an admissible control. Assume that there exists a two-times continuously
differentiable function V' : R™ x R" — R, class K, functions «(-) and 5(-), a continuously
differentiable function 7 : R, — R, , and a control law ¢ : R™ x R"2 — R™ such that (5.13),

(5.15), (5.16), and (5.19) hold, and

! 1 1
Vv (951,1‘2)F(951,$27 ¢($17$2)) + §tr DT(371,$27 ¢($1, $2))V (xlv $2)D($1,$27 ¢($1; $2))

< —r(V(xy, z2)), (1,22) € R™ x R"™,
(5.54)
$(0,29) =0, x5 € R™, (5.55)
H(zy,x9,0(x)) =0, (x1,22) € R™ x R"™, (5.56)
H(@ysiia, 1) > 0, (x1,m9,u) € D x R" x R™, (5.57)
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1
H (1,19, u) £ L(xy, x9,u) + V' (21, 20) F (21, 19, 1) + §tr DY (1, 29, u)V" (21, 29) D(21, T, u).

Then, with the feedback control u = ¢(z1,x2), the closed-loop system given by (5.51) and
(5.52) is globally strongly stochastic finite-time stable with respect to x; uniformly in xq
and there exists a stochastic settling-time operator 7" : H,, X H,, — 7-[[10’00) such that (5.20)
holds. In addition, if (z19,x9) € R™ x R"™, then J(x19, a0, d(x1(+), z2(+))) = V(210,x20)
for all (x19,290) € R™ x R™ and the feedback control u(-) = ¢(x1(:),z2(-)) minimizes

J(x10, 20, u(+)) in the sense that

J(x107x20,¢(', )) = min J(Ilo,l'go,u(')). (558)

u(-)es(wlo,wgo)

Proof: Global strong stochastic finite-time stability with respect to x; uniformly in
Too are a direct consequence of (5.13), (5.19), and (5.54) by applying Theorem 5.1 to the
closed-loop system given by (5.51) and (5.52) with u = ¢(x1,x2). In addition, it follows
from Theorem 5.1 that there exists a stochastic settling-time operator 17" : H,, X H,, —
H[lo’oo) such that (5.17) holds and x1(t) *3 0 as t =3 T'(z,(0), 22(0)) for all initial conditions
(21(0),22(0)) € Hpy X Hp,. Furthermore, using (5.56), condition J(z10, 220, d(1(+), 22(+))) =

V (10, 220) is a restatement of J(z19, x99) = V (210, z90) as applied to the closed-loop system.

Next, let (21(0),22(0)) € Hp, X Hpy, let u(-) € S(x1(0), 29(0)), and let z1(¢) and xo(t),
t > 0, be solutions of (5.51) and (5.52). Then, using Ito’s (chain rule) formula it follows
that the stochastic differential of V (z1(t), z2(t) along the trajectories of (xy(t), z2(t)), t > 0,

is given by
AV (z1(t), 22(t)) = LV (21(t), 22 (t))dt + V' (21(t), 22(t)) D (21 (), 22(t))dw(t), t>0. (5.59)
Hence, using the definition of H(z1,x2,u) and (5.59) yields

L1 (2), mo(t), u(t))dt = L(xy (), 22(t), w(t))dt — AV (21(£), 22(t)) + LV (21(t), 2o(2))dt
+ V' (@1(8), (1)) D (a1 (1), w(t) du(t)
== dV (21(t), 25(1)) + H (w1 (), w2(t), u(t))dt

132

www.manaraa.com



+ V(21 (), 22(t)) D(z1(t), z2(t))dw(t), t>0. (5.60)

Now, it follows from (5.13) and (5.19) that

g | i aln@D] <E | m Vi).ss0)]

t—T(x1(0),z2(0)) t—T (x1(0),z2(0))

swo{ lim ﬁ(ﬂwl(t)n)]. (5.61)

t—T(21(0),z2(0))

Using the continuity of a(-) and 5(-), and the fact that G is strongly stochastic finite-time

stable with respect to x; uniformly in xyg, it follows that

0=E" [a (t—)T( lim ( ||x1(t)||)] < E* { lim V(xl(t),xQ(t))}

21(0),22(0)) t—T(x1(0),22(0))
< [E*o lim a1 (t = 0. 5.62
< [B (HWWO)) e >||)} (5.62)

Let {t,}22, be a monotonic sequence of positive numbers with ¢, — oo as n — oo,
Tm : 2 — [0, 00) be the first exit (stopping) time of the solution xy(t) and z»(t), t > 0, from
the set B,,(0) x R™, and let 7 = lim,, o0 7. Now, integrating (5.60) over [to, min{t,, 7, },

where (n,m) € Z, x Z,, yields

min{tn,Tm }
/0 L(xa(£), 2a(t), u(t)) dt
min{tn,7m } min{tn,7m}
_ / AV (1 (1), a(8)) + / H(wi(£), 25(t), u(®))dt
/ i) P 1), a4 o1

= V(21(0), 25(0)) — V(ml(min{tn,Tm}),mg(min{tn,Tm}))

min{tn,7m }
/0 H(y (1), 22(8), u(t))dt

min{tn,Tm } T
N /O W D1 (£), 22())du(t). (5.63)

_|_

+

Next, taking the expectation on both sides of (5.63) and using (5.57) yields

min{tn,7m }

E* L(x1(1), zo(t), u(t)) dt]
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_ R [V(wl(O), 25(0)) — V(1 (min{t,, 7 }), 2o (min{t,, 7, }))

min{tn,7m }
. /O H (@, (t), w(t), u(t))dt

min{tn,Tm } T
+/0 wl}(;pl(t), xz(t))dw(t)}

= V(@10, 220) = B [V(21(min{ty, 70 }), 2o (min{tn, 7, }))]

min{tn,mm }
/0 H(xy(t), zo(t), u(t))dt]

> V(x10, x90) — E* [V (21 (min{t,, 7, }), zo(min{t,, 7., }))] - (5.64)

HE

Now, noting that for all u(-) € S(x1(0), 22(0)),

/OOO L1 (£), 22(8), u(t))| dt < o0,

define the random variable

min{t,7m }
g= sup / [L(x1(s), 22(s), u(s))| ds.
0

t>0,m>0

In this case, the sequence of F;-measurable random variables { fn,m}ﬁ'ﬁm:o C H; on 2, where

N min{tn,mm }
fn,m = / L(ZE1 (t), iL'Q(t), u(t))dt,
0

satisfies | fom| < g.

Next, defining the improper integral [ L(xy(t), z2(t), u(t))d¢ as the limit of a sequence

of proper integrals, it follows from the dominated convergence theorem [3] that

min{tn,7m }
lim lim E* [/ L(xl(t),xg(t),u(t))dt]
0

mMm—00 N— 00

= lim E*°

m—00 n—oo

min{ty,7m }
lim /0 L(z1(t), z2(2), u(t))dt]

_ g [lim /0 ” L(xl(t),xQ(t),u(t))dt}

m—00

_ g [ / h L(xl(t),mg(t),u(t))dt}

to

= J(I‘lo,l'go,u(')). (565)
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Finally, using the fact that u(-) € S(z1(0),22(0)) and V(-,-) is continuous, it follows
that for every m > 0, V(21 (min{t,, 7, }), x2(min{t,, 7,,})) is bounded for all {¢,}°°,. Thus,

using the dominated convergence theorem we obtain

lim lim E* [V (x1(min{t,, 7m}), z2(min{t,, 7., }1))]

mM—00 N—00

— R [lim lim V(2 (min{ty, 7 }), 22(min{tn, 7 }))| . (5.66)

mM—>00 N—00

Now, taking the limit as n — oo and m — oo on both sides of (5.64) and using the fact

U() - 8(1’1(0)71’2(0», (562), (565), (566), and J(Ilo,I207¢(ZE1('),ZE2('))) = V(ZEH),ZEQ())
yields (5.58). O

Note that (5.56) is the steady-state, stochastic Hamilton-Jacobi-Bellman equation for
the nonlinear controlled stochastic dynamical system (5.51) and (5.52) with performance
criterion (5.53). Furthermore, conditions (5.56) and (5.57) guarantee optimality with respect
to the set of admissible stochastic finite-time partially stabilizing controllers S(z1(0), 22(0)).
However, it is important to note that an explicit characterization of S(z1(0),22(0)) is not
required. In addition, the optimal strongly stochastic finite-time stabilizing with respect to
x1 uniformly in x9y feedback control law u = ¢(x1, z3) is independent of the initial condition
(210, x20) and is given by

d(x1,x9) = argmin | L(zy, 29, u) + V'(21, 22) F (21, 22, u)
weS(z1(0),22(0))

1
+ §tr D™ (xy, 20, u)V" (21, 22) D(1, T, u) |- (5.67)

Finally, we use Theorem 5.4 to provide a unification between optimal stochastic finite-
time, partial-state stabilization and optimal stochastic finite-time control for stochastic non-
linear time-varying systems. Specifically, consider the controlled nonlinear time-varying

stochastic dynamical system

dz(t) = F(t,z(t),u(t))dt + D(t,z(t), u(t))dw(t), z(to) = o, t > to, (5.68)
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with performance measure
Stosu() 2B | [ Lt a0 utt)t] (5.69)
to
where, for every t > to, x(t) € H,, u(t) € Hp, and L : [tg,00) X R* x R™ — R, F :
[to,00) x R" x R™ — R" and D : [ty,00) x R* x R™ — R4 are jointly continuous in ¢, z,

and u. For the statement of the next result, define the set of regulation controllers

S(to, x(to)) = {u(-) : u(-) is admissible and z(-) given by (5.68)

satisfies z(t) ©3 0 as t 23 T'(tg, 2(to))},

where T : [tg, 00) X H,, — ’HYO"”) is the stochastic settling-time operator.

Corollary 5.2. Consider the controlled stochastic nonlinear time-varying dynamical sys-
tem (5.68) with performance measure (5.69) where u(-) is an admissible control. Assume
that there exists a two-times continuously differentiable function V' : [tg,00) x R* — R,
class Ko, functions a(-) and f(+), a continuously differentiable function r : Ry — R, and a

control law ¢ : [tg,00) x R™ — R™ such that (5.15), (5.16), (5.30), (5.31), and (5.34) hold,

and
oV (t, oV (t, 1 0*V (¢,
) SO p,o0,0)) + 5t D (1,600, 0) 5 5 D, 6, 2)
< r(V(t,2), (t.2)€ [fo,00) xRY,  (5.70)
(/5(75,0) =0, te [t07oo), (5.71)
ot 2,00t 2)) + 20D VD o ) + 2w DT (. 0(0)
2
IVED it o(t.)) =0, (1.2) € [t0.00) x B, (5:72)
2
Lt,,u) + avéi’ L av;i’ m)F(t,x,u) n %tr DT(t,x,u)%
D(t,x,u) > Oa (t,.’l?, U’) € [t()a OO) x R™ x R™. (573)

Then, with the feedback control u = ¢(t, ), the closed-loop system given by (5.68) is globally

finite-time stable and there exists a stochastic settling-time
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operator T : [to,00) x H, — HI such that (5.35) holds. In addition, if (to,z0) €
[0,00) x R™, then J(to, zo, ¢(+,-)) = V(to, xo) for all (ty,z0) € [0,00) x R™, and the feedback

control u(+) = ¢(-, z(-)) minimizes J(to, zo,u(-)) in the sense that

J(to, To, d(-, ) = i J(to, o, u(-)). 5.74
(to, w0, ¢(+,-)) wpelin (o, o, u(*)) (5.74)

Proof: The proof is a direct consequence of Theorem 5.4. O

Note that (5.72) and (5.73) give the classical stochastic Hamilton-Jacobi-Bellman equa-
tion

oV (t,x)
ox

0?V(t, )
0x?

oV (t L
(¢, z) = min : [L(t,x,u) + F(t,z,u) + §tr D (t,x, u)
to

ot wES (to,x(

-D(t,x,u)|, (t,z) € [tg,00) x R", (5.75)

which characterizes the optimal control

oV (t,x)
ox

0?V (t, )
0x?

1
o(t,z) = argmin lL(t,x, u) + F(t,z,u) + §tr DY (t,z,u) D(t,x,u)

uES(to ,.Z‘(t()))

(5.76)

for time-varying stochastic systems on a finite or infinite interval.

5.5. Finite-Time Stabilization for Affine Dynamical Systems and
Connections to Inverse Optimal Control

In this section, we specialize the results of Section 5.4 to stochastic nonlinear affine

dynamical systems of the form

da () = [fi(z1(t), 22(t)) + Gi(z1(t), 22())u(t)]dt + Dy (1 (t), z2(t))dw(?), (5.77)
das(t) = [fo(z1(t), 22(t)) + Galz1(t), 22(t))u(t)]dt + Doy (t), z2(t))dw(?), (5.78)
where, for every t > 0, 21(t) € Hn,, 22(t) € Hap,, u(t) € Hyp, and f1 : R™ x R™ — R™,

fo i R™M xR™ - R™, Gy : RM x R™ — RM*™ G, : R x R™ — R™X™ D - R™ x R™ —»
R124_and- Do R R72 3 R™2*? are such that f,(0,25) = 0 and D;(0,z3) = 0 for all
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Tg € R™, and fl('7 ')7 f2('7 ')7 Gl('> ')v G2('7 ')7 Dl('a ')7 and DQ(') ) are JOlIltly continuous in
x1 and x9 in R™ x R"2. Furthermore, we consider performance integrands L(x1, z2,u) of the

form

L(z1,29,u) = L1(21, ) + Lo(x1, 22)u + UTRQ($17$2)U7 (71,29, u) € R™ x R" x R™,
(5.79)
where Ly : R™ x R — R, Ly : R™ x R™ — RY™™ and Ry(xy,19) > N(z1) > 0,

(1,22) € R™ x R™ so that (5.53) becomes

J(l‘lo,l‘go, ( )) Exo |:/0Oo [Ll(l‘l(t),l'g(t)) + Lz(il(t),l’g(t))u(t)
ut (t) Ro (1 (), 2(t))u(t)]dt|. (5.80)

For the statement of the next result, define

[z, m2) = [f] (21, 22), f5 (21, 22)] ", G(z1,22) £ [GY (21, 22), Gy (1, 22)]",  (5.81)

F($1,l‘2, u) £ f($1,l‘2) + G(l’l,l'g)u, D(xlvl?) £ [Dlr(xbl?)a DQT(xlvw2)]T‘ (582)

Theorem 5.5. Consider the controlled stochastic nonlinear affine dynamical system
(5.77) and (5.78) with performance measure (5.80). Assume that there exists a two-times
continuously differentiable function V' : R™ x R™ — R, class K, functions «(-) and j5(-),
and a continuously differentiable function r : Ry — R, such that (5.15) and (5.16) hold,

and for all (zq,x9) € R™ x R"2,

a(fz]]) < V(2 22) < B({[2 ), (5.83)

V/($1, 1’2) |:f(l’1, l’g) — %G(l‘l, Iz)REl(Zﬁl, iL’Q)Lg(I’l, l‘g) — %G(l‘l, 332)R2_1(1L'1, 1’2)
-GT($1,$2)VIT($1,$2):| + %tr DY (21, 20)V" (x1, 29) D(21, 29) < —r(V(21,29)),  (5.84)
LQ(O,.’L‘Q) = 0, (585)

1 1
0= Lq(x1,22) + V'(x1,22) f (21, 9) + étr DT (w1, 22)V" (21, 29) D (1, 25) — 1 V' (21, 22)
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'G(Il,l'g) +L2($1,ZE2):| R;l(Il,l‘z) [V/(xl,ﬁg)G(ﬁl,Iz) +L2(£L’1,1’2) . (586)

Then, with the feedback control
1
u = d)(l‘l, Iz) = —§R2_1(l'1, ZEQ) [Lg(xl, 1’2) + V’(l‘l, $2)G(l‘1, xg)}T, (587)

the closed-loop system (5.77) and (5.78) is globally strongly stochastic finite-time stable
with respect to x; uniformly in x5y and there exists a stochastic settling-time operator
T+ Moy X Huy — H% such that (5.20) holds. In addition, J(z10, 220, ¢(x1(-), 22(-)) =
V (10, T20), (10, T20) € R™ x R™ and the performance measure (5.80) is minimized in the

sense of (5.58).

Proof: The result is a consequence of Theorem 5.4 with
L(l‘l, o, u) = Ll (1’1, iL'Q) + Lz(fll'l, l'g)u + UTRQ(LL'l, 113'2)’&.

Specifically, the feedback control law (5.87) follows from (5.67) by setting

9 '
£ Lyi(21,29) + Lo(21, 20)u + uT Ry (w1, m9)u + V' (21, 15) [f(xl, x9) + Gz, $2)U:|
1
+ itr DT(xl, .732)‘/”(2171, .TQ)D(.’IJI, 1'2) =0. (588)

Now, with u = ¢(z1, z2) given by (5.87), conditions (5.83), (5.84), (5.15), (5.16), and (5.86)
imply (5.13), (5.19), (5.54), and (5.56), respectively.

Next, since V(+,-) is continuously differentiable and, by (5.83), V(0,z3), x2 € R is a
local minimum of V' (-, ), it follows that V’(0,z5) = 0, x5 € R™, and hence, it follows from

(5.85) and (5.87) that ¢(0,z2) = 0, xo € R™, which implies (5.55). Finally, since

! 1 14
L(z1, w0, u) + V' (21, 22)[ f (21, 22) + G(21, 22)u] + 5“ D™ (xy, 20)V" (21, 29) D1, 72)

= L(xq, xa,u) + V' (@1, 22)[f (21, 22) + G(x1, 22)u]

1
+ §tr DT($1,$2)V”($1,$2)D($1,332) - L(Sﬁl, T2, ¢($1,$2)) - V’($1>$2)

1
G(x1, x2) (21, 22)] — étr DT(Il,$2)V/,($1,$2)D(£U1,.T2)
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= [u— (21, 22)]" Ry(1, 22) [u — P(1, 22)]

- U, 1, ! ; .
>0, (z1,22) € R™ x R™ (5.89)

condition (5.57) holds. The result now follows as a direct consequence of Theorem 5.4. O

The following corollary to Theorem 5.5 considers the nonautonomous dynamical system
dz(t) = [f(t,z(t)) + G(t,z(t)u(t)]|dt + D(t, z(t))dw(t), x(to) = zg, t>to, (5.90)
with performance measure

J(to, xo, u(-)) = Efo-ro [/oo [Li(t, (1)) + La(t, x(t))u(t) + u' () Ro(t, x(t))u(t)] dt| , (5.91)

to
where, for every t > to, x(t) € H,, and u(t) € Hy,, [ : [to,00) x R* = R", G : [ty, 00) X R" —
R™™ and D : [ty, 00) x R™ — R™ % are such that f(¢,0) = 0, D(¢,0) = 0 for all ¢ € [ty, o0),
f(-,+) and G(-,-) are jointly continuous in x; and x5 on R™ x R"2 Ly : [tg,00) X R" — R,

Ly : [tg,00) x R" — R™™ and Ry(t,z) > N(z) > 0, (t,) € [ty,00) x R™.

Corollary 5.3. Consider the controlled stochastic nonlinear affine dynamical system
(5.90) with performance measure (5.91). Assume that there exists a two-times continuously
differentiable function V' : [tp,00) x R" — R, class K functions «(:) and f(:), and a
continuously differentiable function r : R, — R, such that (5.15) and (5.16) hold, and, for

all (t,z) € [tg, 00) X R™,

a(llz|) < V(t,z) < B([|=]), (5.92)
avgt v ‘W Lo [f _ —G (t,2) Ry (1, 2) L2t 7) — —G(t 2 R5 (¢ )
G (t,x) ( 896 ) + 2tr DT(t, )%D(Lx) < —r(V(t,x)), (5.93)
La(t,0) = 0, (5.94)
0=Ly(t,z) + 8‘/(;? z) + 8‘/8(;’ x)f(t, x)+ %tr DT(t,x)%D(t, x)
LIOVILD) by 0y 4 L2(t,x)] Ryt ) [av(i D) + Lat.3)] . (5.95)
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Then, with the feedback control

oV (t,x) 5

u= ¢t )= —%R;l(t,x) Ly(t,r) + G(t,x)| (5.96)

T

the closed-loop system (5.90) is globally strongly uniformly stochastic finite-time stable and
there exists a stochastic settling-time operator T : [0, 00) x H, — H*) such that (5.35)
holds. In addition, J(to,xo, ¢(-,2(+))) = V(to, o) for all (tg,x¢) € [0,00) x R", and the

performance measure (5.91) is minimized in the sense of (5.74).

Proof: The proof is a direct consequence of Theorem 5.5. 0O

Finally, we construct state feedback controllers for stochastic nonlinear affine in the

control dynamical systems that are predicated on an inverse optimal control problem [34,42].

Theorem 5.6. Consider the controlled nonlinear affine stochastic dynamical system
(5.77) and (5.78) with performance measure (5.80). Assume there exists a two-times contin-
uously differentiable function V' : R™ x R" — R, class K functions «(-) and S(-), and a
continuously differentiable function r : R, — R, such that (5.83)—(5.85) hold. Then, with
the feedback control (5.87), the closed-loop system given by (5.77) and (5.78) is globally
strongly stochastic finite-time stable with respect to x; uniformly in x5y and there exists a
stochastic settling-time operator 17" : H,,, X H,, — 7—[[10’00) such that (5.20) holds. In addition,

the performance functional (5.80), with

Ll(iﬂl, $2) :¢T($1,$2)Rz(3?1, 1’2)(,15(331,352) - V’(ﬂfl, xz)f(ﬂfl, 1’2)

1
— §tr DT<£L'1, [IZ’Q)VH(xl, $2)D(f131, .TQ),

is minimized in the sense of (5.58) and J(x19, X290, ¢(x1(+), x2(+))) = V (210, T20)-

Proof: The proof is identical to the proof of Theorem 5.5. O

The following corollary to Theorem 5.3 considers the nonautonomous stochastic dynam-

icalysystenmp(5:90)pwithsperformance measure (5.91).
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Corollary 5.4. Consider the controlled stochastic nonlinear affine dynamical system
(5.90) with performance measure (5.91). Assume there exists a two-times continuously
differentiable function V' : [tp,00) x R" — R, class K. functions «a(:) and f(:), and a
continuously differentiable function r : Ry — R, such that (5.92)—(5.94) holds. Then,
with the feedback control (5.96), the closed-loop system given by (5.90) is globally strongly
uniformly stochastic finite-time stable and there exists a stochastic settling-time operator
T :[0,00) x H,, — H>) such that (5.35) holds. In addition, the performance functional

(5.91), with

oV (t,x) IV (t, x) 1 0?V (t, )
T o 9 o ) - T A\
Ll(t7x) =0 (t,$)R2(t,$)¢(t,$) ot o f<t7$) 2tI’D (t,SL’) 2 D(t,l‘),
is minimized in the sense of (5.74) and J(to, xo, (-, x(+))) = V(to, x0).

Proof: The proof is identical to the proof of Theorem 5.6. O

5.6. Illustrative Numerical Examples

In this section, we provide two numerical examples to highlight the stochastic finite-time,

partial-state stabilization framework developed in the chapter.

Example 5.3. Consider the controlled nonlinear time-varying stochastic dynamical sys-

tem given by

da (1) = [—x%(t)tha:g(t)Jrul(t)} dt + 2 (t) sinzo(B)dw(t), 1(0) % 210, ¢ >0, (5.97)
das(t) = {—xé(t)—m(t)mga)} dt + sintwe(t)dw(t),  w2(0) 2 2a0. (5.98)

1

Note that (5.97) and (5.98) can be cast in the form of (5.90) with f(¢,z) = [—1‘1% +txe, —x5 —
tey]T, G(t, ) = I, and D(t,x) = [x1sinxy, sintx,)T, where z = [z 25]T. For this example,
we use Corollary 5.4 to construct an inverse optimal globally strongly uniformly finite-time
stabilizing control law for (5.97) and (5.98). Let V(t,z) = V() = jax} + 013, a > 0,

Lot L(ts@isti)e=da(ts@)aindn (t, 2)u + uT Ry(t, x)u, where Ry(t,z) > 2al,, and note that
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Ly(t,x) = az’ satisfies (5.94) so that the inverse optimal control law (5.96) is given by

o(t,r) = —aR;'(t,z)x. In this case, the performance functional (5.91), with L,(t,z) =

1

4 4
22" Ry'r + ax} + azd — %Ozx% sin? 2y — s sin?t, is minimized in the sense of (5.74).

Next, since (5.92) holds with «(||z]]) = 5(||z]]) = V(z) and

oV (t,x) N oV (t,x)
ot ox

G (1 1) (81/8(7;, a:))T

[f(t, z) — %G(t, 2R Nt 2) LYt ) — %G(t, 2 R5\(t )

1 T OV (t,x)

D(t,z)

4 4
= —ar} —ard — v Ry'e + %cw:f sin? zy + %am% sin?t

4
+23) —az' (aRy' — 1)

IN
|
2
&
S

< —p(V(t,2))i,  (t,z) €[0,00) x R?, (5.99)

where p = 253, (5.93) holds with r(v) = pv3. Hence, it follows from Corollary 5.4 that the
feedback control law ¢(¢, x) is globally strongly uniformly stochastic finite-time stabilizing.

Moreover, there exists a stochastic settling-time operator 7" : [0, 00) X Hay — 7—[[10’00) such that

3
E[T'(ty, x(to))] < 5”930”%7 (to, o) € [0,00) x R?, (5.100)

and

I(to, zo, 6(t, 2())) = %aHmOHZ, (to, 7o) € [0, 00) x R (5.101)

For z(0) ¥ [2, —1]T, a = 1, and R, = 415, Figure 6.2 shows a sample state trajectory
of the controlled system versus time, whereas Figure 6.3 shows the corresponding sample

control signal versus time. A

Example 5.4. Consider the spacecraft with one axis of symmetry and with stochastic

disturbances given by

a.s

dwl(t) = [Iggtdg(t)w;;(t) + Uy (t)]dt + O'Cdl(t)dUJ(t), w1 (0) = W10, t 2 0, (5102)

) + w2 (t)|dt + ows(t)dw(t), wa(0) = way, (5.103)
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Figure 5.1: Closed-loop system sample trajectory versus time.
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Figure 5.2: Control signal versus time.

a.s.

dws(t) = [agus (t) + aqus(t)]dt + ows(t)dw(t), w3(0) = wso, (5.104)

where o3 = (I — I3)/11, I, Iy, and I3 are the principal moments of inertia of the spacecraft
such that 0 < I} = Iy < I3, wy : [0,00) = Hi, wy : [0,00) — Hq, and wy : [0,00) — H;

angular velocity vector with respect to a given inertial reference
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frame expressed in a central body reference frame, w(-) is a standard Wiener process with
intensity o > 0, a3 and ay € R, and u; and uy are the spacecraft control moments. Here,
the state-dependent disturbances can be used to capture perturbations in atmospheric drag
for low altitude (i.e., < 600 km) satellites from the Earth’s residual atmosphere as well as
Jo perturbations due to the nonspherical mass distribution of the Earth and its nonuniform

mass density. For details see [33,62].

For this example, we apply Theorem 5.6 to find an inverse optimal globally partial-state
stabilizing control law u = [uy, us]T = ¢(x1, 12), where z; = w1, ws]T and x5 = ws, such that
the spacecraft is stochastic finite-time spin-stabilized about its third principle axis of inertia,
that is, the stochastic dynamical system (5.102)—(5.104) is globally stochastic strongly finite-
time stable with respect to x; uniformly in 25(0). Note that (5.102)—(5.104) can be cast in the

form of (5.77) and (5.78), with ny =2, no =1, m =2, f(xy,23) = [Ig3w2w3, — Ip3wswy, O}T,

10
G(xl,xQ): |:0 1 a3

T
} ,and D(z1,x9) =0 [J:l,x2]T.
Qly

To construct an inverse optimal controller for (5.102) and (5.103), let V (z1, 22) = (2T21)",

where % <a <1, L(zy,ze,u) = Ly(xy, 25) + La(21, 2)u + v u, and let
Lo(z1,x9) = 2 [Iggwgwg +02(2a — Nwy, —Ipwsw; + 0220 — 1)w2] ) (5.105)

Now, the inverse optimal control law (5.87) is given by

—awr ||z1][2*7) — Igwsws — 02(200 — 1wy
—aws|z1 |2V + Lswsw; — 0?20 — 1)ws

u=¢(x1,23) = (5.106)
and the performance functional (5.80), with

La(a1,23) = (aflar[** " + 0*(2a = D))" + (Iagwsl|a]])* — ao®(2a = 1)[|za ]|, (5.107)

is minimized in the sense of (5.58). Furthermore, since (5.83) holds with «(||z1]|) = B(||z1]]) =

V (21, 9) and, since, for all (x,15) € R? x R,

1 1
V/(bez) f(IthQ) - §G($17$2)L2T($1,$2) - §G<x17x2)GT(x17x2)V/T('T17I2)
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1 am
+=tr D2y, 29)V" (21, 29) D (1, 75) = =202 (2" x)** ! = —2042(1/(:1:1,%2))2 a (5.108)

2

20—
a

(5.84) holds with r(v) = 2a2v™ . Hence, with the feedback control law ¢(z1, z5) given by
(5.106), the closed-loop system (5.102) and (5.103) is globally stochastic finite-time stable
with respect to x1 uniformly in xo9. Moreover, there exists a stochastic settling-time operator

T : Hy x Hy — H™ such that

1

E* [T(z1(0), 22(0)] < ol —a) (Wl + @)™ (210,220) ERZX R, (5.109)
where 19 = [w1o, wgo]T and To9 = wsg, and
T (@10, 220, (21 (), 22(1))) = (P + w2)™, (210, 220) € R? X R, (5.110)

For I} = I, = 4kg -m?, I3 = 20kg - m?, wig = —2Hz, wyy = 2Hz, w3y = 1 Hz, a3 = g,
oy = —?, o = %, and o = 4/5, Figure 5.3 shows a sample trajectory along with the
standard deviation of the state trajectories z(t), t > 0, of the controlled system versus
time. Figure 5.4 shows a sample path along with the standard deviation of the corresponding

control signal versus time for z;(0) = [—2, 2]T and x5(0) = 1 for 15 sample paths. Finally,

J(il?lo,flizo,QS(J}l('),iUQ('))) = 528HZ2 A
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Figure 5.3: A sample trajectory along with the sample standard deviation of the closed-
loop system trajectories versus time; wi(t) in blue, wy(t) in red, and in green is a sample
trajectory of ws(t).
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Figure 5.4: A sample path along with the sample standard deviation of the control signal
versus time; u;(t) in blue and wuy(t) in red.
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Chapter 6

Stochastic Differential Games and Inverse Optimal
Control and Stopper Policies

6.1. Introduction

Building on the results of Chapter 3, in this chapter we present a two-player stochastic
differential game framework for designing optimal feedback control and stopper policies for
each player. Specifically, we consider feedback stochastic optimal control policies for attain-
ing higher utilities or lower costs over an infinite horizon involving a nonlinear-nonquadratic
performance functional. The performance functional can be evaluated in closed form as
long as the nonlinear-nonquadratic cost functional considered is related in a specific way
to an underlying Lyapunov function that guarantees asymptotic stability in probability of
the nonlinear differential game problem. This Lyapunov function is shown to be the solu-
tion of the steady-state stochastic Hamilton-Jacobi-Isaacs equation. The overall framework
provides the foundation for extending linear-quadratic controller and stopper policies for
stochastic differential games to nonlinear-nonquadratic differential games with polynomial

and multilinear cost functionals.

More specifically, in Section 6.2, we state a nonlinear-nonquadratic stochastic differential
game problem and provide sufficient conditions for characterizing optimal nonlinear feedback
controller and stopper policies guaranteeing asymptotic stability in probability of the closed-

loop system and providing a minimax solution to the differential game problem. Then, in
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Section 6.3, we develop an inverse optimal framework tailored to the stochastic differential
game problem. This result is then used to derive optimal nonlinear feedback controller and
stopper policies that minimize and maximize general polynomial and multilinear performance
criteria. Finally, in Section 6.4, we provide two illustrative examples that highlight the

proposed stochastic differential game framework.

6.2. Stochastic Differential Games and Optimal Control and Stop-
per Policies

In this section, we consider a two-player stochastic differential game problem, wherein
the two players (i.e., controller strategy and stopper strategy) attempt to control the state
of the system so as to minimize and maximize, respectively, a given nonlinear-nonquadratic
performance measure. Our framework considers control and stopper strategies involving a
notion of optimality that is directly related to a specified Lyapunov function. Specifically,
sufficient conditions for optimal game strategies are given in a form that corresponds to a

steady-state version of the stochastic Hamilton-Jacobi-Isaacs equation.

To address the problem of characterizing stochastic optimal stabilizing feedback laws
for the controller and stopper of the stochastic differential game, consider the two-player
stochastic differential game described by the nonlinear stochastic differential game problem

g given by
dz(t) = F(z(t), u(t),v(t))dt + D(z(t), u(t),v(t))dw(t), =x(0)*% zy, ¢>0, (6.1)

where, for every ¢t > 0, z(t) € HP, x(0) € H¥™, D is an open with 0 € D, u(t) € H!

mi)

U, C R™ is open with 0 € Uy, v(t) € HY2

ma?

Uy € R™ is open with 0 € Us, w(+) is a d-
dimensional independent standard Wiener process, (0) is independent of (w(t) —w(0)),t >
0, F: DxU; x Uy — R" is jointly continuous in x, u, and v with £(0,0,0) = 0, and

D : D x Uy x Uy — R™ is jointly continuous in z, u, and v with D(0,0,0) = 0.

Here wesassume that-u(s) and v(-) satisfy sufficient regularity conditions such that the
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system (6.1) has a unique solution forward in time. Specifically, we assume that the control
and stopper policies in (6.1) are restricted to the class of admissible policies consisting of
measurable functions u(-) and v(-) adapted to the filtration {F;};>o such that u(t) € HY,

t >0, v(t) € HE

mo?

t > 0, and, for all t > s, w(t) — w(s) is independent of u(7), v(7),
T <'s, and u(-) and v(-) take values in compact metrizable sets U; and Us. Furthermore, we
assume that the uniform Lipschitz continuity and growth conditions (2.4) and (2.5) hold for
the controlled drift and diffusion terms F'(z,u,v) and D(x,u,v) uniformly in v and v. In

this case, it follows from Theorem 2.2.4 of [5] that there exists a pathwise unique solution

to (61) in (Q7 {ftzo},]P)xO).

A measurable function ¢ : D — Uj (resp., ¥ : D — Uy) is called a control (resp., stopper)
law. If u(t) = ¢(x(t)) and v(t) = ¥(x(t)), t > 0, where ¢(-) and ¥(-) are control and
stopper laws, and x(t), t > 0, satisfies (6.1), then we call u(-) and v(-) feedback control and
feedback stopper laws. Note that the feedback control (resp., stopper) law is an admissible
control (resp., stopper) since ¢(-) (resp., ¥(+)) has values in Uy (resp., Us). Given a control
and a stopper law ¢(-) and (-), and feedback control and stopper laws u(t) = ¢(x(t)) and

v(t) = (x(t)), t > 0, the closed-loop system (6.1) has the form

da(t) = F(x(t), o(x(t)), ¥ (x(t))dt + D(x(t), ¢(x(t)), ¥ (x(t)))dw(t) 2(0) =z, t>0.
(6.2)

Next, we define the strategies along with the strategy spaces for the controller and stop-
per. For the statement of this result, let L : D x U; x Uy — R be jointly continuous in z,
u, and v, and let 1y ., 1(t) denote the indicator function defined on the set [0, 7,,], m € Z,

that is,

a1, iftel0, 7,
]]-[077'm](t) - { 0, otherwise.

Furthermore, let ‘BZ(()')’U(') denote the set of all sample trajectories of (6.1) with controls law

u(+) and stopper law v(-) for which limy e ||2(t,w)| = 0 and 2z({t > 0},w) € BLIO),
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w € . Finally, define

L well if 2({t > 0},w) € B0,
B 0, otherwise.

Here we consider the nonlinear-nonquadratic performance measure (or payoff function) given

by

J(zo,u(-),v(")) = 1 )]E:co {/Ooo L(x(t),u(t),v(t))ﬂ%zé.>,v(.)(w)dt , (6.3)

Pzo <%gg)v”()

and, we assume that the regulation controller policy and strategy is such that the payoff
function (6.3) is well defined. This is shown in Theorem 6.1 below. Furthermore, since
there can exist several different types of solutions for a differential game problem, includ-
ing minimax, Nash, and Stackelberg solutions [8], the following definitions are required for

developing our minimax differential game framework.

Definition 6.1 [39, Def. 2.1

—

. An FElliott-Kalton strategy for the stopper is a mapping

a.

w

B : Uy — Uy such that if u(t)

u(t), then v(t) = B(u(t)) maximizes (6.3) with a stopper
strateqy space Sgk consisting of the set of all such stopper strategies. Similarly, the FElliott-
Kalton strategy for the controller is a mapping « : Uy — U; such that if v(t) = 0(t), then
u(t) = a(0(t)) minimizes (6.3) with a controller strategy space Cgx consisting of the set of

all such controller strategies.

Given zy € R", the upper and lower values of the stochastic differential game are defined

by
V() = iupig}lfJ(xo,U(~)7ﬁ(u(-))), (6.4)
V™ (x0) = Inf Sup J (o, a(v(:)), v("))- (6.5)

Note that in general V~(z) < V*(zy); however, if the Isaacs minimax condition holds [40],
then V' (xg) = V~(xq). Moreover, it follows from the Definition 6.1 that if (6.5) holds, then

the controller has,ansadvantage over the stopper. Specifically, in this case, the controller
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has an informational advantage at each time ¢, and hence, the class of admissible controller
strategies Cgk should be restricted to eliminate this advantage. This is done by restricting

the set of controller strategies Cgk to a set of progressively measurable strategies.

Definition 6.2. A controller strategy a(-) € Cgk is strictly progressively measurable if,
for each stopper strategy (3(-) € Sgk, the equations u = «(v) and v = f(u) have a unique

solution. In this case, we denote the set of strictly progressively measurable strategies by Cs.

If the controller strategy a(-) € Cg, then it can be shown that ([39])

VH(xo) < infsup J(zg, a(v(-)),v(")), (6.6)

Cs

and hence, VT (xg) =V~ (x0).

Definition 6.3. The saddle point property for the upper game holds if there exists a real
valued function V' : D — R and controller and stopper strategies a.(:) € Cs and f.(+) € Sgxk,

where ¢ > 0, such that the following conditions hold:
i) V(x) — e <infuqy J (@, u(-), B=(u(-)))-
i) supyey, (2, az(0()),v()) < V() +e.

Next, we present a main theorem for the two-player stochastic differential game problem
characterizing feedback controller and stopper policies that guarantee closed-loop stability
in probability and optimize a nonlinear-nonquadratic performance functional. For the state-
ment of this result, define the set of stochastic regulation controller policies and strategies

given by

S(xg, p) = {u() el :u(-) =a()),v() €Uz, al-) € Cs, and x(-) given by (6.1)

is such that P (%gé')’”(')> >1- p}.
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Theorem 6.1. Consider the nonlinear two-player stochastic differential game problem
(6.1) with performance functional (6.3) where the stopper strategy is an Elliott-Kalton strat-
egy and the controller strategy is a strictly progressively measurable strategy. Assume that
there exist a two-times continuously differentiable function V' : D — R and control and

stopper laws ¢ : D — U; and ¢ : D — Us,, with strategies «a(-) € Cs and 3(-) € Sgk, such

that

V(0) =0, (6.7)
V() >0, «€D, a#0, (6.8)
6(0) =0, (6.9)
¥(0) =0, (6.10)
V(@) F(x, ¢(2),¥(z)) + %tf D' (x, ¢(x), (2))V"(x)D(x, p(x), ¢(x)) <0, x#£0, (6.11)
Hz,é(2),0(2) =0,  z €D, (6.12)
Hu o) >0, €D, uell, (6.13)
H(z,é(2),0) <0, z€D, vel, (6.14)
o(z) = a(¥()), (6.15)
U(z) = B(o(x)), (6.16)

where
H(z,u,0) 2 L(z,u,0) + V(@) F(, u,0) + %tr D (2, u,0)V"(@)D(z,u,0).  (6.17)

Then, with the feedback control and stopper policies u(-) = ¢(x(-)) and v(:) = ¥(z(+)),
the zero solution z(t) = 0 of the closed-loop system (6.2) is locally asymptotically sta-
ble in probability and, for every p € (0,1), there exist § = d(p) and BV E) wigy

o (%%x()),w(u))) > 1 — p such that, for all 25 € Bs(0) C D,

S (@0, p(x(-)), ¥(x(:))) = V(o). (6.18)

hen the feedback control and stopper policies u(-) = ¢(z(+)) and
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v(-) = ¥(x(-)) optimize J(zg,u(-),v(-)) in the sense that

S (w0, p(x(-)), ¥(x(-))) = min max J(zo,u(-),v(-))- (6.19)

u(-)€S(wo,p) v(-) €Uz

Finally, if D = R”, U; = R™, U, = R™, and
V(z) = o0 as ||z|| = oo, (6.20)

then the zero solution z(t) = 0 of the closed-loop system (6.2) is globally asymptotically
stable in probability and (6.19) holds with p = 0 and P*° (%ﬁéx('”’w‘x('”) =1, o € R".

Proof. Local and global asymptotic stability in probability are a direct consequence of
(6.7)—(6.11) by applying Theorem 3.1 to the closed-loop system (6.2). Consequently, for every
p € (0,1), there exist 6 = §(p) and a set of sample trajectories z({t > 0},w) € B Et)
such that, for all o € Bs(0) C D, P% (SB;‘;(S"C“)W('”) >1-p.

Next, let zy € Bs(0), let u(-) € S(zg,p), and let x(t), ¢ > 0, be the solution of (6.1).

Then, using [t6’s chain rule formula it follows that

L(x(t),u(t),v(t)dt + dV (x(t)) = (L(m, u,v) + V' (2)F(x,u,v) + %tr DYz, u,v)V" ()

oV (x)
ox

-D(z,u, v)) dt + D(x,u,v)dw(t),

and hence,

Lx(t), ut), v(t))dt = — AV (a(t)) + H(z(t), u(t), v(t))dt
L OV (a(t)

o D(x(t),u(t),v(t))dw(t). (6.21)

Let {t,}>°, be a monotonic sequence of positive numbers with ¢, — 0o as n — oo,
Tm : 2 — [0,00) be the first exit (stopping) time of the solution z(t), t > 0, from the set
B,,(0), and let T 2 limum—so0 Tm. Now, multiplying (6.21) with ﬂ%u(.),v(‘)(w) and integrating

z0

over [0, min{t,, 7, }], where (n,m) € Z; x Z,, yields
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min{tn,, Tm} min{tn,7m}
/ L0 @AV (2 (1) + / H(a(t), u(t), (t)) Lo ()t
0 0

0
min{tn,7m } av ( ))

0

———-D(x(t), u(t), v(t))ll%;g),v(.) (w)dw(t)
(to))]l FORK )( ) V (z(min{t,, Tm}))l%;‘é’)’“(') (w)
mm{tn,Tm}
+ /0 H(i(t), u(t), U(t)) :H.%g(()~),v(-) (w)dt
n /O " VD) D) u(e) 0(8) L1 () Ly D). (6.22)

Next, taking the expectation on both sides of (6.22) yields

E

min{tn,7m }
/0 L (), u(t), v(£)) Lygucro0) (w) dt]

= %o V($(t0))]1%g(().),v(‘)(W) — V(z(min{t,, Tm}))ﬂ%;é.),u(.)(W)

min{tn,7m}

+/O H(a:(t),U(t),U(t))ﬂ%;g%”(')(w)dt
_|_/(;nWD(:I;“),u(t),’U(t))]]-[to,rm](t)]]-%;(()')»v(')(w)dw(t)]
— V()P™ (%Zg')yv(')) — E®o [V(z(min{tn,Tm}))l%:g)-),v(-)(w)]

+E™

min{tn,7m}
/O H(x(t), ult), v(t))]l%:é.),v(.)(w)dt] . (6.23)

Next, let B8] denote the set of all the sample trajectories of x(t), ¢ > 0, such that
Tm = 00 and note that, by regularity of solutions [67, p. 75|, P®(B]!) — 1 as m — oo.

Now, noting that for all u(-) € S(xq, p),

/ooO ‘L(x(t), u(t)’U(t))%;g),v(-)(w)‘ 0% oo,

let the random variable
R min{¢,7m }
g= sup / ‘L(:c(s), u(s), v(s))]l%u(.),v(.)(w)‘ ds.
t>0,m>0 Jo 0

In this case, the sequence in n and m of F;-measurable random variables { fon }or =0 € Hi

on 2 for all (n,m) € Z, X Z,, where

min{tyn,7m }

L(z(t),u(t), ’U(t))]l%;é-),v(.) (w)dt
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satisfies | fynl <z g, (n,m) € Z, x Z. Now, defining the improper integral

/Ooo L(w(t), u(t), v(t)) Lgucrw (w)dt

as the limit of a sequence of proper integrals, it follows from the dominated convergence

theorem [3] that

min{ty,7m }
lim lim E% [ / L(x (), u(t), v(t))]l%:é.),v(.)(w)dt]
0

mM—00 N—00

= lim E*
m—00

_ g [hm /0 ™ L(x(t),u(t),v(t))n%;g),v(.)(w)dt}

m—00

min{tn,7m }
lim / L(fL’(t), u(t)7 U(t)):ﬂ-%gé‘)w(') (w)dt]
0

n—oo

= [E*o |:/0Oo L(g;(t), u(t), /U(t))l].%;(()‘),’uﬂ) (w)dt}
= J (z0,u(-), v(-)) P (BLO) (6.24)

Next, using the fact that u(-) € S(xo,p) and V(-) is continuous, it follows that for
every m > 0, V(z((min{t,, 7,})) is bounded for all n € Z,. Thus, using the dominated
convergence theorem [3] and the fact that ||z(t,w)|| — 0 as ¢ — oo for all z({t > 0},w) €

‘BZ(S')’U('), we obtain

lim lim E™ [V(x(min{tn,Tm}))l%;g)w(.)(w)]

m—00 N—00

= lim E™ [lim V(x(min{tn,Tm}))]l%g(().),v(.)(w)]

m—0o0 n—oo

= [E*0 [ lim V(l‘(Tm))]l%;(()-),v(.)(W)]

m—r0o0

= E® [V ( lim IB(Tm)) 1%;8>,v(->(w)]

m—r00

~0. (6.25)
Now, taking the limit as n — oo and m — oo on both sides of (6.23) and using (6.24), (6.25),
and (6.12), yields (6.18). Since a(-) € Cs, there exist ¢(-) and (+) such that (6.15) and (6.16)
are satisfied and it follows from Theorem 3.4 of [39] that the saddle point property holds.
Moreover, using the Issacs minimax condition it follows from (6.12)—(6.16) that u(-) = ¢(x(+))

he.optimal feedback control and stopper laws and (6.19) holds.
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Finally, for D = R" global asymptotic stability in probability of closed-loop system is di-
rect consequence of the radially unbounded condition on V'(+), and hence, P*° <‘B§Sx('))’w(m(')))

=1 for all p € R™ and (6.19) holds for p = 0. O

Note that (6.12) is the steady-state stochastic Hamilton-Jacobi-Isaacs equation. To see

this, recall that the lower and upper stochastic Hamilton-Jacobi-Isaacs equations have the

form ([24])
2V*(t x(t))+ H™ | t,z(t) QV*(t x(t)) a—QV*(t xz(t))] =0, t>0, (6.26)
at I ) 7ax I 78I2 ) - ) - Y .
2V+(t )+ H" (t,z(¢) 2V+(t (1)) a—2V+(zt (t)] =0 (6.27)
at 7'1" Jx 78x 7'1" 781:2 ,I’ - I .
with lower and upper Hamiltonians given by
H™(t,x(t),p, X) = sup inf H(t,z,p, X, u,v), (6.28)
wel veUs
H*(t,z(t),p, X) = inf sup H(t,z,p, X, u,v), (6.29)
velz yet

where
1
H(t,z,p, X, u,v) = L(t,z,u,v) + p* F(t,z,u,v) + §tr DY (t,z,u,v)XD(t,z,u,v). (6.30)

Equations (6.26) and (6.27) characterize the optimal control and stopper policies for a two-
player stochastic time-varying differential game problem on a finite or infinite interval. For
infinite horizon time-invariant differential games, with the controller constrained to a strictly
progressively measurable strategy, the Isaacs minimax condition V= (t,z) = V1 (¢t,z) = V(z)

holds, and hence, (6.26) and (6.27) reduce to (6.12)—(6.16).

Conditions (6.12)—(6.16) guarantee optimality with respect to the set of admissible stabi-
lizing controllers S(xg, p). However, it is important to note that an explicit characterization
of the set S(xg,p) is not required. In addition, the optimal stabilizing feedback control
u = ¢(x) and feedback stopper v = 1(x) laws are independent of the initial condition x.
Finally, in order to ensure asymptotic stability in probability of the closed-loop system (6.1),
Theoreny, 6.l requites that./(-) satisfy (6.7), (6.8), and (6.11), which implies that V() is
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a Lyapunov function for the closed-loop system (6.1). However, for optimality V' (-) need
not satisfy (6.8) and (6.11). Specifically, if V'(-) is a two-times continuously differentiable
function such that (6.7) is satisfied and ¢(-) € S(xg, p), then (6.12)—(6.16) imply (6.18) and
(6.19).

The optimal feedback control and stopper policy ¢(-) and (-) that guarantee global

a

wn

1.

asymptotic stability in probability give P*° <%$é')7w(’)> = 1, and hence, 1 o0).u0) (W)
z0

Moreover, all the admissible control laws u(-) and stopper laws v(-) that guarantee global

attraction in probability satisfy P*o (iBg(()-)w(')) =1 for all ;5 € R", and hence, p = 0 and

a.s. .
]]_%:(()-),v(<)(W) = 1. In this case,

7 an 9 00) = — (%Zg),v(.» [ [ L0, 10,00 g0 11

= E™ { /0 " L), ult), U(t))dt] (6.31)

1
Pro <%¢<->,w<~>
T

— & | [ Ltate). o). wloton)ar] (6.32)

J (0, 0(-), () =

= [ L0 6 0), 00 L )]

Thus, in the remainder of the chapter, we omit the dependence on %;ﬁg')’”’(') and ‘ng')’v(')
in the cost functional and we write S(z¢) for S(xo, p) for all the results concerning globally

stabilizing controllers in probability.

Next, we specialize Theorem 6.1 to linear stochastic differential games and provide con-
nections to the linear-quadratic stochastic differential game problem with multiplicative
noise. For the following result let A € R™" B € R™™ (C ¢ R™™, ¢ ¢ RY, R, € P,

Ry € P™ and Rz € P™2 be given.
Corollary 6.1. Consider the linear-quadratic stochastic differential game problem with
multiplicative noise given by
da(t)=fda(t)tBult)d Co(t)] dt + x(t)o dw(t),  =(0)= 2, t>0, (6.33)
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and with quadratic performance functional
J(zo, u(-),v(-)) = R [/ [T (1) Riz(t) + u (t) Rou(t) — v" (t) Ryv(t)]dt| , (6.34)
0

where u(-) and v(+) are admissible and u(+) is constrained to a strictly progressively measur-
able strategy. Furthermore, assume that BR;'BT > CR;'C™ and there exists a positive-

definite matrix P € R™*" such that
1 T 1
0= (A + §||0H2]n> P+P (A + §H0H2]n) + Ry — PBR;'BTP + PCR;'CTP. (6.35)

Then, with the feedback control law v = ¢(z) = —R;'BTPx and feedback stopper law
v =1Y(z) = R3'CT Pz, the zero solution z(t) =0 to (6.33) is globally asymptotically stable
in probability and

J(zo, d(z(-)), ¥ (x(-))) = z§ Py, zo € R™. (6.36)

Furthermore,

(@0, p(2(-)), ¢(2(-)) = min max.J(zo,u(-),v(-)), (6.37)

u(-)ES(zo) vEU2

where S(xg) is the set of regulation controllers for (6.33) and xy € R™.

Proof. The result is a direct consequence of Theorem 6.1 with F'(z,u,v) = Az+ Bu+Cw,
D(x,u,v) = x0T, L(z,u,v) = 2T Riz + uT Rou — vT Ryv, V(2) = 2T Px, ¢(z) = —Ry ' BT Pz,
Y(z) = Ry'C"Pz, D = R*, U; = R™, and U, = R™. Specifically, first note that the
controller and stopper policies are decoupled in the system dynamics and the payoff function,
and hence, u = a(v) = f,(z) and v = B(u) = f,(z). Thus, (6.15) and (6.16) are satisfied
with f,(z) = ¢(z) and f,(z) = ¥(z). Now, conditions (6.7)-(6.10) are trivially satisfied.

Next, it follows from (6.35) that H(z, ¢(z),¥(x)) = 0, and hence, V'(z)F(z, ¢(x), ¥ (x))+
1tr DT (2, ¢(z), ¢ (2))V"(2)D(z, ¢(x),¢(z)) < 0 for all z € R™ and = # 0. Thus, H(z, u,
U(@)) = H(z, ¢(x),(x)) = [u— ¢(x)]"Re[u — ¢(x)] = 0 and H(z,é(x),v) — H(z, $(x),
P(z)) = —[v—1(z)]TR3[v—1(x)] < 0 so that all the conditions of Theorem 6.1 are satisfied.

a.s.

Einallyssince V. (+)-issradially, unbounded the zero solution z(t) = 0 to (6.33), with u(t) =
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d(z(t)) = —Ry;'BTPx(t) and v(t) = ¥(z(t)) = R3;'CTPx(t), is globally asymptotically

stable in probability. O

The optimal feedback control and stopper laws ¢(z) and 1(z) in Corollary 6.1 are derived
using the properties of H(z,u,v) as defined in Theorem 6.1. Specifically, since H(z,u,v) =
TRz + uT Ryu — v Rgv + 2T (ATP + PA)x + 22T PBu + 22T PCv + ||o||*2" Pz it follows
that %2713 = Ry > 0 and %2712{ = —R3 < 0. Now, %—Z = 2Ryu + 2BTPx = 0 gives the
unique global minimizer of H(x,u,v), whereas %—Ij = —2R3v + 20T Px = 0 gives the unique
global maximizer of H(z,u,v). Hence, since ¢(x) (resp., ¥(z)) minimizes (resp., maximizes)
H(z,u,v) it follows that ¢(z) (resp., ¥(x)) satisfies & = 0 (resp., 2% = 0) or, equivalently,
¢(z) = =Ry BT Pz (resp., ¥(z) = —R;'C" Px).

Finally, we close this section by noting that the existence of a positive-definite solution P
satisfying (6.35) can be guaranteed using H., theory. Specifically, it follows from standard
Hoo theory [106] that (6.35) has a positive-definite solution if and only if the Hamiltonian

matrix
_ [A+3loll’L, CTRy'C — BRy'BT

7 "R, (At |21

has no purely imaginary eigenvalues.

6.3. Inverse Optimal Stochastic Differential Games for Nonlinear
Affine Systems

In this section, we specialize Theorem 6.1 to affine in the control and stopper differ-
ential game policies. Specifically, we construct nonlinear feedback controllers and stoppers
using a stochastic differential game framework that minimizes and maximizes, respectively,
a nonlinear-nonquadratic performance criterion. This is accomplished by choosing the con-
troller and stopper policies such that the mapping of the infinitesimal generator of the
Lyapunov function is negative along the closed-loop system trajectories while providing suf-

ficient conditions for the existence of asymptotically stabilizing (in probability) solutions
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to the stochastic Hamilton-Jacobi-Isaacs equation. Thus, these results provide a family of
globally stabilizing controller and stopper policies parameterized by the cost functional that

is optimized.

The controller and stopper policies obtained in this section are predicated on an inverse
optimal stochastic differential game problem. The related inverse optimal control problem
is discussed in Chapter 3. In particular, to avoid the complexity in solving the stochastic
steady-state Hamilton-Jacobi-Isaacs equation we do not attempt to optimize a given cost
functional, but rather, we parameterize a family of stochastically stabilizing controllers that
optimize some derived cost functional that provides flexibility in specifying the control and
stopper policies. The performance integrand is shown to explicitly depend on the nonlinear
system dynamics, the Lyapunov function for the closed-loop system, and the stabilizing
feedback control law as well as the stopper law, wherein the coupling is introduced via
the stochastic Hamilton-Jacobi-Isaacs equation. Hence, by varying the parameters in the
Lyapunov function and the performance integrand, the proposed framework can be used to
characterize a class of globally stabilizing in probability controllers that can meet closed-loop

system response constraints.

Consider the nonlinear affine in the control and stopper two-player stochastic differential

game problem given by

dz(t) = [f(z(t)) + Gi(x(t)u(t) + Gao(z(t))v(t)] dt + D(x(t))dw(t), x(0) = o, t >0,
(6.38)
where f: R" — R" satisfies f(0) =0, Gy : R® — R™™ Gy : R* — R™™2 D : R — R4
satisfies D(0) = 0, D = R™, U; = R™, and U, = R™2. Furthermore, we consider performance

integrands L(z,u,v) of the form
L(z,u,v) = Li(x) + Loy (2)u + u" Ry(z)u — Lay(z)v — vT R3(z)v, (6.39)
where Ly : R® — R, Ly, : R" — R>™ L, - R" - R*™ R, : R" — P™ and Ry : R" —
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P2 so that (6.3) becomes

J (w0, u(-), v(-)) = E™ {/OOO[Ll (2(8) + Lau(@()u(t) + u' () Ra(x(t))u(t)

= Loy (@ (t))u(t) — v (t) Rs((t))v(t)]d¢ | (6.40)

Theorem 6.2. Consider the nonlinear two-player stochastic differential game problem
(6.38) with performance functional (6.40) where u(-) and v(-) are admissible and wu(-) is
constrained to a progressively measurable strategy. Assume that there exist a two-times
continuously differentiable function V' : R® — R and functions Ls, : R® — R™ and

Lo, : R* — RY™™2 gych that

V(0) =0, (6.41)
Lu(0) = 0, (6.42)
Ly, (0) =0, (6.43)
V(z) >0, ax€R"  z#0, (6.44)
V(@) £(2) ~ 5Gu() By (@) L) — 5Gu(o) By (@)GT(0)V/ (@) — SCal) Ry (2) L 1)

V(z) — oo as ||z|| — oo. (6.46)
Then, the zero solution z(t) = 0 of the closed-loop system
da(t) = [f(2() +G1(2(t))¢((t))+ Go(x () ¥ (x(t))dt+D(x(t))dw(t), 2(0) = o, >0,

(6.47)

is globally asymptotically stable in probability with the feedback control and stopper laws

¢(x) = =3By (@)[V'(2)G1(x) + Lau(2)]", (6.48)

Ry (2)[V/(2)Ga(x) — Lay(2)]", (6.49)
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and the performance functional (6.40), with

Li(z) = ¢ (2)Ry(2) () — ™ () Ry(2)Y(z) — V() f () — %tr DT (2)V"(x)D(x), (6.50)
is optimized in the sense that

Jao, o@() wla() = min | max (@, u()o(),  meR.  (651)

Finally,

S (@0, o(x(-)), ¥(x(-)) = V(xo), w0 € R", (6.52)

Proof. The result is a direct consequence of Theorem 6.1 with D = R", U; = R™,
Uy = R™, F(z,u,v) = f(z) + Gi(z)u + Go(x)v, D(z,u,v) = D(x), and L(xz,u,v) =
Li(z) + Loy (z)u+u" Ry(x)u — Loy (z)v —vT R3(x)v. Specifically, with (6.39) the Hamiltonian

has the form

H(z,u,v) = Li(x) + Loy(z)u + u' Ry(x)u — Loy (z)v — v' R3(z)v

V(@) (f(2) + Ga(@)u + Gala)) + %tr DT (2)V" () D(x).

Now, the feedback control and stopper laws (6.48) and (6.49) are obtained by setting 2 = 0
and 22 = 0. With (6.48) and (6.49), it follows that (6.41), (6.44), (6.45), and (6.46) imply
(6.7), (6.8), (6.11), and (6.20), respectively. Furthermore, since the controller and stopper
are decoupled in the cost and system dynamics, it follows from the information neutrality
that the optimal strategy for the controller is given by a(v) = ¢(z), v € Uy, and the optimal
strategy for the stopper is given by 5(u) = ¢ (x), u € U;. Thus, conditions (6.15) and (6.16)

are trivially satisfied.

Next, since V (-) is two-times continuously differentiable and z = 0 is a local minimum of
V(+), it follows that V’(0) = 0, and hence, since by assumption Lo, (0) = 0 and Ls,(0) = 0,
it follows that ¢(0) = 0 and ¥(0) = 0, which implies (6.9) and (6.10). Next, with L;(z)
given by (6.50) and ¢(x) and ¥(z) given by (6.48) and (6.49), respectively, (6.12) holds.
Einally; sineeH (@ tsti(@) )yt (7, (), (1)) = [u— ¢(2)]T Ro[u — ¢(x)] and H(z, ¢(z),v) —
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H(z,¢(z),¥(x)) = —[v — ¥(z)]" Rs[v — ()], and Re(x) and Rz(z) are positive definite for
all x € R, conditions (6.13) and (6.14) hold. The result now follows as a direct consequence

of Theorem 6.1. 0O
Note that (6.45) is equivalent to

LV(2) 2 V(@) (2) + Ga()(a) + Galw)(@)] + 5tx D' (2)V"()D(x) <0, 2 €R", 240,

(6.53)
with ¢(z) and ¢ (z) given by (6.48) and (6.49), respectively. Furthermore, conditions (6.41),
(6.44), and (6.53) ensure that V(-) is a Lyapunov function for the closed-loop system (6.47).
As discussed in [45], it is important to recognize that the functions Lo, (x) and Le,(z), which
appear in the integrand of the performance functional (6.39), are an arbitrary function of
x € R" subject to conditions (6.42), (6.43) and (6.45). Thus, Lo, (z) and Lo, (z) provide

flexibility in choosing the control and stopper policies.

With L;(x) given by (6.50) and ¢(x) and 1 (z) given by (6.48) and (6.49), repectively,

L(z,u,v) can be expressed as

Lz, u.v) = u" Ro()u — 6" (2) Rala)o(x) — " Bafw)o + 07 () Ro () (x)
L) = 6(2)) — La(@)(v — 6(x)) — V(@) () + G (2)o()
FGo(a)(a)] — Gt DT ()Y (@)D(a)
= [ut+ 58 (@) L3, (2)] Ba(a) [u+ 31 (@) L3, ()]
— o+ 3By (@)13,(2)] Ra(a) [v+ 3 R5 (2) L3, ()]
V(@) (@) + Gr(2)(x) + Cala)i(w)] — ir DY)V (x) D)
LV (@)1 () By (@) GT @)V (@) + 1V (0)Gaa) By ()G )V (0)(6.54)
Since Ry(z) > 0 and Rs(z) > 0, 2 € R, the first and last term on the right-hand side

of (6.54) is nonnegative, while (6.53) implies that the third, fourth, fifth, and sixth terms

collectively are nonnegative. Thus, it follows that
_ T _
L(z,u,v) > — [v + %R3 1([E)L;FU($)] Rs(x) [v + %R3 1(x)L;fv($)]
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— V()G (z) Ry ()G (2) V' (), (6.55)

which shows that L(x, u,v) may be negative. As a result, there may exist control and stopper
policies u and v for which the performance functional J(xg, u,v) is negative. However, if the
control u is a regulation controller, that is, u € S(x¢), then it follows from (6.51) and (6.52)
that

J(xo,u(-),v()) > V(xg) >0, xo € R, u(-) € S(xg). (6.56)

Next, we specialize Theorem 6.2 to linear stochastic differential games characterized by
nonlinear controllers and stoppers that, respectively, minimize and maximize a polynomial
cost functional. For the following result let o € R?, Ry € P*, Ry, € P™, R3 € P, and
Rq e N g =2,....r, be given, where r is a positive integer, and define S = BR;lBT,

Sy = CR;'CT and S = S — Ss.

Corollary 6.2. Consider the two-player stochastic differential game problem with mul-

tiplicative noise given by
dz(t) = [Az(t) + Bu(t) + Co(t)] dt + x(t)o dw(t), =(0) = x5, t>0, (6.57)

where u(-) and v(+) are admissible and u(+) is constrained to a strictly progressively measur-
able strategy. Assume that S is nonnegative definite and there exist P € P" and M, € N",

q=2,...,r,such that

1 * 1

0= (A + 5||a||21n) P+P (A + 5||a||21n) + R, — PSP, (6.58)
1 ) T 1 ) .

0= A+ 5(2q ~Dlol*l, —SP ) M,+ M, A+ 5(2q —D|ol*L, — SP ) + R,,

q=2,...,7m. (6.59)

I

Then, the zero solution z(t) = 0 of the closed-loop system

dz(t) = (Az(t) + Bo(z(t)) + C(x(t)))dt + z(t)o dw(t), x(0) =z, t>0, (6.60)
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is globally asymptotically stable in probability with the feedback control and stopper policies

¢(r) = —R;'BT (P + Zr:(:cTqu)q—qu> z, (6.61)
Y(z) = R3'COT (P + i:(xTqu)q—qu) T, (6.62)

and the performance functional (6.40), with Rs(x) = Ry, R3(x) = R, Loy(x) =0, Lay(z) =
0, and

(xTqu)qqu} > T, (6.63)

q=2

is optimized in the sense that

Jeo, o@D b)) = min max J@ou()o(),  wER. (664

Finally,

J(x0, o2 (), p(2(+)) = 28 P + Z S M) z0 € R™. (6.65)

Proof. The result is a direct consequence of Theorem 6.2 with f(z) = Az, G1(z) = B,
Gy(z) = C, D(z) = 20", Loy(x) =0, Loy(x) = 0, Ry(x) = Ry, R3(x) = R3, and

V(x —xTPaH—Z TMx

Specifically, (6.41)—(6.44) and (6.46) are trivially satisfied. Next, it follows from (6.58),
(6.59), and (6.61) that

V'(@)[f(2) = 3G1(2) Ry ()G (2)V" () + 5Ga(2) By ()G (2) V" (2))

+%u~ DT (2)V" () D(x)

r

= 2Rz — Z(xTqu)q_la:Tqu — ¢'(x) Ro(x)

q=2
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r

+ o (2)Rap(z) — 2t [Z(xTqu)q_qu

q=2

S [i(xTqu)q_qu] x,

q=2

T

= —2'Riz — Z(Z‘TMqI)q_lequ’

q=2
—zT <P + Z(xTqu)q—qu> S (P + Z(xTqu)q—qu> x
q=2 q=2

—zt [i(mTMqa:)q_qu] S

q=2

Z(xTqu)q_qu] L,

q=2

which implies (6.45), so that all the conditions of Theorem 6.2 are satisfied. O

Corollary 6.2 requires the solutions of r — 1 modified Riccati equations in (6.59) to obtain
the optimal controller and stopper policies (6.61) and (6.62), respectively. It is important
to note that the derived performance functional weighs the state variables by arbitrary even

powers.

Next, we specialize Theorem 6.2 to linear stochastic differential games characterized
by nonlinear controller and stopper policies that, respectively, minimize and maximize a
multilinear cost functional. For the following result recall the definitions of z9 £ z®2®- - -Qx
and b A2 A0 A O A, where x and A appear ¢ times and ¢ is positive integer.
Furthermore, recall the definition of S and let Ry € P", Ry € P™, R3 € P™2, and égq €
N@an) g =2 . r be given, where r is a given integer and N ™) £ {¥ ¢ R gkl >

0,z € R"}.

Corollary 6.3. Consider the two-player stochastic differential game problem (6.57) where
u(-) and v(-) are admissible and wu(-) is constrained to a strictly progressively measurable
strategy. Assume that S is nonnegative definite and there exist P € P" and pq c NCan),

qg=2,...,r,such that

1 T 1
0= (A + 5\|ay|21n> P+P (A + §Ha||2[n> + R, — PSP, (6.66)
N 2q 1 2 ~
0=1,|& (A+ 5(2q = 1)l - SP) 4 Ry q=2,...,1. (6.67)
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Then the zero solution x(t) 0 of the closed-loop system (6.60) is globally asymptotically

stable in probability with the feedback control and stopper policies

¢(r) = —Ry'BY(Pz + 19" (z)), (6.68)

U(z) = Ry*CT(Px+ g (2)), (6.69)

where g(z) = D g P,z24 and the performance functional (6.40) with Ry(z) = Ry, Rs(x)
= R3, Lo, (x) =0, Lyy(z) =0, and
Li(z) =a"Riz + Y Roga®l + 19 (2)Sg" (), (6.70)
q=2
is minimized in the sense of (6.51). Finally,

J(wo, d(x(-) = 23 Pro+ Y Bag?,  xg €R™ (6.71)

q=2
Proof. The result is a direct consequence of Theorem 6.2 with f(z) = Az, G1(z) = B,
Gy(z) = C, D(x) = x0T, Loy(z) = 0, La(z) = 0, Ro(x) = Ry, R3(x) = R, and V(x) =
2T Px + D g2 P,zl24. Specifically, (6.41)-(6.44) are trivially satisfied. Next, it follows from

(6.66)—(6.69) that

V'(@)[f(z) — 3G (2) Ry ()G (2)V" (2)

—l—%Gg(x)Rgl(a:)G;F(x)V'T(x)] + %tr DT (2)V"(x)D(x)

= "Rz — Z Rygz?) — ¢T(2) Ryop () + " (z) Ratp(z)

q=2
—19/(@)S19" (2) + 19/ () S2g" ()

= —2"Riz =Y Ragal® — (Pz+ 3¢ ()" S (Pr + 19" () — 19/(2) S ()

q=2
which implies (6.45) so that all the conditions of Theorem 6.2 are satisfied. O
Note that since
1 ~ o[ 1
¢ (@)(A— SP)z + Su(e0™) g () (w0™) = 37 B[ & (A+ (24 = Dlol?L, — 5P) a4,
q=2
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it follows that (6.67) can be equivalently written as
1 T\T T / —~ [2q] n
0= Str(ao") " (@) (@0") + ¢'(2) (A ~ SP)x + > RyzPd, zeR”,
q=2
and hence, it follows from Lemma 3.1, with A and h(z) replaced by (A—SP)and >, _, Ryqrl?4),

respectively, that there exists a unique Jf’q € N'@2a7) guch that (6.67) is satisfied.
6.4. Illustrative Numerical Examples

In this section, we present two numerical examples to demonstrate the efficacy of the

proposed differential game framework.

Example 6.1. In this example, we seek a stabilizing control policy of a quadrotor he-
licopter (i.e., a quadcopter) subject to an adversary stopper policy and a stochastic state
disturbance. The coordinate systems and free body diagram for the quadcopter are shown
in Figure 6.1. Specifically, the inertial frame is defined by the axes xy, y;, and 21, and the
body frame B is attached to the quadcopter with the xp axis denoting the forward flight
direction and the zp axis denoting the perpendicular direction to the plane of the rotors with

an upward orientation corresponding to perfect hover.

The linearized quadcopter dynamics about a perfect hover equilibrium point [104] are

given by
m 0 0] [#@®)] [0 —-mg 0 o(t) ] 0
0 m 0| |F@#)|=|mg 0 0 0(t) +{ 0 [, t>0, (6.72)
0 0 m|[R@®)] |0 0 1] |5, Tw] |[-mg
L, 0 0][ém] [o ¢ o —]| gg
0 I, 0|l =]|¢ 0 —¢ 0 TZ’(t) : (6.73)
0 0 I ) k —k. k. —k 3
=] @] L Ti(t) |

where, for every t > 0, 7,(t), r,(t), and r,(t) denote the position of the quadcopter, ¢(t),
0(t), and 1 (t) denote the angular position of the quadcopter, m = 0.5kg is the mass of the

quadcopter, g = 9.81m/ sec>is the gravitational constant, ¢ = 0.17 m is the moment arm from
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Figure 6.1: Coordinate systems and forces/moments acting on a quadcopter.

the body of the quadcopter to the motor, I = diag[/l,, I,

s> L] 18 the mass moment of inertia

matrix for the quadcopter in the body frame, with I, = 0.0036 kg - m?, I,, = 0.0036 kg - m?,
and I,, = 0.0070kg - m?, and T;(¢), t > 0, i = 1,...,4, denotes the thrusts generating the
torques M;(t), ¢t >0,i=1,...,4, where M;(t) = k,T;(t) and k, = 0.0245m.

Formulating (6.72) and (6.73) as a differential game problem gives (6.33) where the state
vector is given by x(t) = [rT(t), ®T(¢), 7T (t), ®T(t)]T € R, where r(t) = [r(t),7,(t),7.(t)]"
and ®(t) = [¢(t),0(t), ¥ (t)]T, the control is given by u(t) = [Ty(t) — g/4, Ta(t) — g/4, T3(t) —
g/4,Ty(t) — g/4]*, and the stopper is given by v(t) = [vy(t), v2(t), v3(t),v4(t)]*. Note that
the control u(t), t > 0, compensates for the constant offset term appearing in the dynamics
of #,(t), t > 0, in (6.73). Here, w(-) is a one-dimensional standard Wiener process with
variance o = 0.5. Furthermore, A € R0 is such that A7) = Apg) = Ao = Awio) =

Ay = A2 = 1, Ags) = —g, and Agg) = g, and with all the other entries in A being
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zero. Finally, B € R'>** and C € R'2** are given by

0 0 0 0
0 0 0 0
B=C=|+ L+ L 1 (6.74)
0 If 0 _If
£ ()B L 0 N
¥k Bk
_IZB IZB IZB IZB_

Here we design an optimal minimax solution using Corollary 6.1 with zy = [0.4, —0.2, 0.1,
0.1, 0.1, —0.1, 0.05, —0.05, 0.05, —0.05, 0.05, —0.05]T, Ry = 0.1115, and R3 = I;5. Figure
6.2 shows the sample average along with the standard deviation of the controlled system
state versus time, whereas Figures 6.3 and 6.4 show the sample average along with the stan-
dard deviation of the corresponding control and stopper signals versus time for 20 sample

paths, respectively. A

States

0 1 2 3 4 5 6 7 8
Time [Sec]

Figure 6.2: Sample average along with the sample standard deviation of the closed-loop
system trajectory versus time.
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Figure 6.3: Sample average along with the sample standard deviation of the control signal
versus time.

Example 6.2. Consider the nonlinear affine in the control and stopper stochastic dif-
ferential game problem given by (6.38) capturing the inverted pendulum dynamics shown in
Figure 6.5 with states z(t) = [0(t), 8(t)]T € R? and control and stopper policies u(t) € R,
t >0, and v(t) € R, t > 0. Here, w(-) denotes a one-dimensional standard Wiener process

with variance o = 0.3. In this case,

) = [mgLfinM}  Gi(2) = Galz) = G = [1(/)1} . Dla)=o [2] L (6.73)

where m, g, L, and I are constant with mgL = 1N -m and I = 1kg - m?. For this problem

we consider the performance measure
J(xg,u(:),v(-)) = E* [/ [Li(x(t)) + u” (t) Ryu(t) — UT(t)R3U(t)]dt:| , (6.76)
0
with R2 = 0.25 and R3 =1.

Here we use Theorem 6.2 to construct an inverse optimal globally stabilizing controller

inverted pendulum problem. Consider the Lyapunov function
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0.03 T T T T T T T

0.025

0.02

0.01 |

Stopper Policy

0.005

-0.005

-0.01 ' ' '
Time [Sec]

Figure 6.4: Sample average along with the sample standard deviation of the stopper signal
versus time.

candidate given by

1. 1 1
V(z) = 502 +a <06 + 592> + 502 — (1 — cos?), (6.77)

where a € (0,1], and note that 6% — (1 — cosf) > 0, § € R, with equality holding only if
6 = 0. Moreover, note that

1 —
2

%92 + a (09 + %92) — Y2y %(0 +60)2>0, (0,0)eRxR, ae(0,1],
and hence, V(z) > 0, 2z € R?, z # 0, and V(2) — oo as ||z|| — oo. Finally, using 0 sin§ < 62
note that
1 1 1
V() {f(m)—ﬁGlelGrlFV'T(m) - §G2R§1GEV’T(x)} + §tr DT (2)V"(x)D(x)

. . _1 . _1 . 2 .
= (1+ )80 + ab® + afsinf — RTQ(G + af)? + %(9 + af)? + %02

2 . 2\ ;
(a- ")+ (ra—rapi+ (a- L+ T )0 0 erxR

IN

2 2

2

(6.78)
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Figure 6.5: Inverted Pendulum.
where r = Ry — Ry

With a = 0.9, (6.78) yields

1 1
V'(z) f(x)—iGlelGlTV'T(x) + EGgRglG;FV’T(x)} + —tr DT(x)V"(x)D(x)
< —0.3150% — 0.806 — 0.5556>

2
= —0.0156% — 0.3 (0 + %9’) —0.021662
<0, (8,0) 4 (0,0),

(6.79)

®

and hence, it follows from Theorem 6.2 that the zero solution z(t)

.S.

0 of the closed-loop
inverted pendulum system is globally asymptotically stable in probability with the feedback
control and stopper policies

_%Rglvl(x)GTv

1RV (2)G™.
Furthermore, the performance functional (6.76), with

is optimized in the sense that

Li(2) = ¢" (2) Reg(w) — ¢ () Retf () — V' () f () — Lt D (2)V"(2)D(=),

)= mi (o, u(-),v(-)), ER".
() = min | max J(zo,u("),v(-), %o
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With x(0) %= [, 0]T, Figure 6.6 shows the sample average along with the standard
deviation of the controlled system state versus time, whereas Figures 6.7 and 6.8 show the
sample average along with the standard deviation of the corresponding control and stopper

signals versus time for 10 sample paths, respectively. A

States

0 2 4 6 8 10
Time [Sec]

Figure 6.6: Sample average along with the sample standard deviation of the closed-loop
system trajectory versus time.
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Control Policy

.6 1 1 1 1
0 2 4 6 8 10 12

Time [Sec]

Figure 6.7: Sample average along with the sample standard deviation of the control signal
versus time.

-

Stopper Policy
e
[9)]

Time [Sec]

Figure 6.8: Sample average along with the sample standard deviation of the stopper signal
versus time.
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Chapter 7

Dissipativity Theory for Nonlinear Stochastic
Dynamical Systems: Input-Output and State

Properties, and Stability of Feedback
Interconnections

7.1. Introduction

In this chapter, we develop stochastic dissipativity and losslessness notions for nonlinear
stochastic dynamical systems. Specifically, a stochastic version of dissipativity using both an
input-output as well as a state dissipation inequality in expectation for controlled Markov
diffusion processes is presented. Furthermore, we show that the average stored system energy
in a dissipative stochastic dynamical system is a supermartingale with respect to the system
filtration and is bounded from below by the mean energy that can be extracted from the
system and bounded from above by the mean energy that can be delivered to the stochastic
dynamical system in order to transfer it from the origin to an arbitrary nonempty closed or
open subset in the state space over a finite stopping time. Moreover, we develop necessary and
sufficient extended Kalman-Yakubovich-Popov conditions in terms of the drift and diffusion
dynamics for characterizing stochastic dissipativity via two-times continuously differentiable

storage functions.

Finally, using the concepts of stochastic dissipativity for stochastic dynamical systems

with appropriate storage functions and supply rates, we construct smooth Lyapunov func-
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tions for stochastic feedback systems by appropriately combining the storage functions for
the forward and feedback subsystems. General stability criteria are given for Lyapunov,
asymptotic, and exponential mean square stability in probability for feedback interconnec-
tions of stochastic dynamical systems. In the case where the supply rate involves the net
system power or weighted input-output energy, these results provide extensions of the clas-

sical positivity and small gain theorems to stochastic dynamical systems.

7.2. Stochastic Dissipative and Exponentially Dissipative Dynam-
ical Systems

In this section, we introduce the definition of stochastic dissipativity and stochastic loss-
lessness for general stochastic dynamical systems in terms of an inequality in expectation
involving generalized system power input, or supply rate, and a generalized energy function,
or storage function. In particular, we consider open dynamical systems wherein the system
interaction with the environment is explicitly taken into account through the system inputs
and system outputs. Specifically, the environment acts on the dynamical system through the
system inputs and system disturbance, and the dynamical system reacts through the system

outputs.

We begin by considering nonlinear stochastic dynamical systems G of the form

dz(t) = F(x(t),u(t))dt + D(x(t),u(t))dw(t), x(to) = zo, t>to, (7.1)
y(t) = H(x(t), u(t)), (7.2)

where, for every t > to, z(t) € HP, D is an open set with 0 € D, u(t) € HY, U C R™,
y(t) € H, Y C R w(:) is a d-dimensional independent standard Wiener process and is
independent of z(ty), F: Dx U = R", D:DxU — R™ and H:D x U — Y. For the
dynamical system G given by (7.1) and (7.2) defined on the state space HZ, U and ) define
an input and output space, respectively, consisting of measurable bounded HY -valued and

Hi ~valued-stochastic-progesses on the semi-infinite interval [0, 00). The set HY contains the
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set of input values with measurable sample paths satisfying a nonanticipativity condition,

that is, for every u(-) € U and t € [0,00), u(t) € HY

m?

00) and for all t > s, w(t) — w(s) is
independent of u(7),w(7),7 < s, and z(ty). The set H} contains the set of output values,
that is, for every y(-) € Y and t € [0,0), y(t) € H, . The spaces U and ) are assumed to be
closed under the shift operator, that is, if u(-) € U (respectively, y(-) € V), then the function
defined by up = u(t + T) (respectively, yr = y(t + T)) is contained in U (respectively, ))
for all 7> 0. We assume that F(-,-), D(-,-), and H(-,-) are continuously differentiable
mappings in (z,u) and G has at least one equilibrium so that, without loss of generality,

F(0,0) = 0, D(0,0) =0, and H(0,0) = 0.

Furthermore, for the nonlinear stochastic dynamical system G we assume that the re-
quired uniform Lipschitz and growth restriction conditions given by (2.4) and (2.5) for the
existence and uniqueness of solutions are satisfied, that is, u(-) satisfies sufficient regularity
conditions such that the system (7.1) has a unique solution forward in time. For the dynam-
ical system G given by (7.1) and (7.2), a function r : U x Y — R such that r(0,0) = 0 is
called a supply rate if r(u(t),y(t)), is locally Lebesgue integrable for all input-output pairs
satisfying (7.1) and (7.2), that is, for all input-output pairs u(-) € U and y(-) € Y satisfying
(7.1) and (7.2), r(-, -) satisfies

< 00, tl,tg > 0.

B[ [ itu(o)utspias

t1

Definition 7.1. A stochastic dynamical system G of the form (7.1) and (7.2) is stochas-
tically dissipative with respect to the supply rate r(u,y) if the dissipation inequality

0<E [E [/Tr(u(s),y(s))ds]x(to) £ 0” (7.3)

to

is satisfied for all F;-stopping times 7 a.ZS' to and all u(-) € U along the sample paths of G.
A stochastic dynamical system G of the form (7.1) and (7.2) is stochastically exponentially

dissipative with respect to the supply rate r(u,y) if there exists a constant ¢ > 0 such that
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the stochastic exponential dissipation inequality

OgEF{/%%@@%M@mmﬁ@:q] (7.4)

to
is satisfied for all F;-stopping times 7 a§ to and all u(-) € U along the sample paths of G.
A stochastic dynamical system G of the form (7.1) and (7.2) is lossless with respect to the
supply rate r(u,y) if G is stochastically dissipative with respect to the supply rate r(u,y)
and the dissipation inequality (7.3) is satisfied as an equality for all t > ¢, and all u(-) € U

with z(tp) = (t) == 0 along the sample paths of G.

In the following we shall use either 0 or t; to denote the initial time for G. Next, define
the available storage V, (o) of the nonlinear stochastic dynamical system G by

Vizo) & — inf E{E VOT““(f)’y(f))df'f(o) a':S””OH

a.s.
u()7 720

- M>Ehrlﬁwmwmm@2mﬂ, (7.5)

u(), 720
where z(t), t > 0, is the solution to (7.1) with z(0) 2 x, and admissible input u(-) € U.
The supremum in (7.5) is taken over all F;-measurable inputs u(-), all the finite F-stopping

a.s. .
= 1z and terminal

times 7 a'zs‘ 0, and all system sample paths with initial value x(0)
value left free. Note that V,(x) > 0 for all z € D since V,(z) is the supremum over a
set of numbers containing the zero element (7 %= 0). When the final state is not free
but rather constrained to x(t) 2 (0 corresponding to the equilibrium of the uncontrolled
system, then V(o) corresponds to the wirtual available storage. The available storage of
a nonlinear stochastic dynamical system G is the maximum amount of average storage, or

generalized average stored energy, which can be extracted from the nonlinear stochastic

dynamical system G at any finite stopping time 7.

Similarly, define the available exponential storage V,(xq) of the nonlinear dynamical sys-
tem G by
Vi(zg) = — inf E [E {/ e“tr(u(t),y(t))dt|z(0) = xOH : (7.6)
0

a.s.
w(®), >0
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where (t), t > 0, is the solution to (7.1) with (0) = z, and admissible input u(-) € U.
Note that if we define the available exponential storage as the time-varying function
Vi(zo,t0) = — inf E [E [/ e“tr(u(t), y(t))dt|x(ty) = xo” : (7.7)
u(-), 7> to to

where z(t), t > to, is the solution to (7.1) with z(ty) = 2, and admissible input u(-), it
follows that, since G is time invariant,

Vi(zo,to) = —e inf E [E {/ e“r(u(t),y(t))dt” = eV, (). (7.8)
u(),7 >0 0

Hence, an alternative expression for the available exponential storage function V,(zg) is given

by

Va(mg) = —e™ inf E [E {/ er(u(t), y(t))dt|a(ty) = xo” : (7.9)
u(-),‘rag'to to

Vi(zo, to) given by (7.7) defines the available storage function for nonstationary (time-

varying) stochastic dynamical systems. As shown above, in the case of stochastic expo-

A

nentially dissipative systems, V, (o, to) = €0V, (o).

Next, we show that the available storage (resp., available exponential storage) is finite
and zero at the origin if and only if G is stochastically dissipative (resp., stochastically

exponentially dissipative). For this result we require three more definitions.

Definition 7.2. A nonlinear stochastic dynamical system G is completely stochastically
reachable if, for all zp € D C R™ and ¢ > 0, there exist a finite random variable 73_(4) a'ZS. 0,
called the first hitting time, defined by Tp_(zo)(w) £ inf{t > 0 : 2(t,w) € B.(w)}, and a
square integrable input u(t) defined on [0, 75_(s,)] such that the state z(t), ¢ > 0, can be
driven from z(0) = 0 to z(74.(x)) and E[r,] < oo, where 7,, £ SUpP..Ts.(s) and the

supremum is taken pointwise.

Definition 7.3. Consider the nonlinear stochastic dynamical system G given by (7.1)

aid(7:2)Aameasurable function V; : D — R is called a storage function for G with a

182

www.manaraa.com



supply rate r(-, ) if V;(-) is bounded from below and V(z(t)) — ft

to T’(U(S), y(S))dS, t> lo, s a

Fi-supermartingale for all ¢y, ¢ > 0, where z(t), t > ty, is the solution of (7.1) with u(-) € U;
or, equivalently,
t
E[Va(z (1)) Fip) < Vi(a(to)) + E {/ r(u(s),y(s))ds| Fig |, > to. (7.10)
to
Remark 7.1. If V,(-) is lower bounded, then we can always shift Vi(-) so that, with

minor abuse of notation, Vi(z) > 0, z € R", and V4(0) = 0. Without loss of generality, in

the remainder of the chapter we assume that all storage functions are nonnegative.

Inequality (7.10) is a dissipation inequality in expectation and reflects the fact that some
of the supplied generalized energy to the open dynamical system G is stored, and some is
dissipated. The dissipated generalized energy is nonnegative and is given by the difference
of what is supplied and what is stored. In addition, the amount of generalized stored energy

is a function of the state of the dynamical system.

Definition 7.4. Consider the nonlinear stochastic dynamical system G given by (7.1)
and (7.2). A measurable function V; : D — R is called an exponential storage function for G
with a supply rate r(-, ) if V;(+) is bounded from below and eV (z(t)) — f;; e=*r(u(s),y(s))ds,
t > to, is a Fi-supermartingale for all t5,¢ > 0, where xz(t), t > t¢, is the solution of (7.1)
with u(-) € U; or, equivalently,

t
E [eVi(z(t))|F ] < eVi(z(to)) + E [/t e r(u(s),y(s))ds|Fy, | , t > t. (7.11)
0

Theorem 7.1. Consider the nonlinear stochastic dynamical system G given by (7.1) and
(7.2), and assume that G is completely stochastically reachable. Then G is stochastically
dissipative (resp., stochastically exponentially dissipative) with respect to the supply rate
r(u,y) if and only if the available system storage V,(zo) given by (7.5) (resp., the available

exponentialstorage Va(@o)given by (7.6)) is finite for all g € D and V,(0) = 0. Moreover, if
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Va(0) = 0 and V() is finite for all g € D, then V,(x), x € D, is a storage function (resp.,
exponential storage function) for G. Finally, all nonnegative definite storage functions (resp.,

exponential storage functions) Vi(z), x € D, for G satisfy

0 <Vi(z) < Vi(x), xe€D. (7.12)

Proof: Suppose G is dissipative with respect to the supply rate r(u, y). Since G is completely
reachable it follows that for every zy € D and ¢ > 0, there exist a finite first hitting time
TB. (z0) aﬁ 0 and an admissible input @(-) € U defined on [0,7p. (4] such that z(0) = 0
and P (l’(Tgs(mO)) € Bg(l'g)) = 1. Now, since G is dissipative with respect to the supply rate

r(u,y) and 2(0) = 0 it follows that
B | [ o )asia) 2 0] | 20

for all u(-) € U and all stopping times 7 > 0, or, equivalently,

E [E

Therefore,

0

tA%TWQLMQMQﬂm%gO+/WTW@%MQMﬂﬂmigqlZO,Tﬁﬁ%E;O

E [E [/O r(u(s), y(s))ds|z(0) 2 0, u = u” +E|E / r(u(s),y(s))dsv%” >0,
S, >0,

and hence,

E

. ! / (). p(s))ds f” > [E | [ ru(s) p(e)aslo(0) = 0.0 =1 |.

which implies that there exists a function W : D — R such that

E

E

/T r(u(s),y(s))ds|f%” > W(xzg) > —o0, T > Ty > 0. (7.13)

ol Lalu Zyl_ﬂbl
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Next, it follows from (7.13) and the strong Markov property of solutions [74] that, for all

x € D,
Va(z) = — inf E|E / t))dt|z(0) = :Eo”
u(), 720 0
i T+Tx0
__ inf E|E / ()t (mar) 2 0
u(), 720 |
i T+Tzo
__ inf E|E / () dt| T
u(')vTa-zs-O L
< —Wi(a), (7.14)

and hence, the available storage V,(r) < oo, z € D. Furthermore, with x(0) = 0, it follows

that for all admissible inputs u(t), ¢ > 0,

E [E [ /0 " r(uls), y(s))ds|z(0) = 0” >0, 20, (7.15)
which implies that
. [—E {IE [ /0 " r(uls), y(s))ds|z(0) = om <0, (7.16)

or, equivalently, V,(0) < 0. However, since V,(z) > 0, z € D, it follows that V,(0) = 0.

Conversely, suppose V,(0) = 0 and V,(x¢), xy € D, is finite. Now, it follows from (7.5)
(with 7 % 0) that V(2z¢) > 0, 29 € D. Next, let z(t), t > 0, satisfy (7.1) with admissible
input wu(t), t € [to, T]. Since —V,(xo), o € D, is given by the infimum over all admissible
inputs u(-) in (7.5), it follows that for all admissible inputs u(-) € Y and Fi-stopping times
T a'ZS' 0,

Vi(w) <E {E { /0 " r(ut), y(t)dtz(0) xOH ,

which, since by assumption V,(0) = 0, further implies

0<E [IE [/OTr(u(t),y(t))dtkn(O) s 0” :

Hence, G is dissipative with respect to the supply rate r(u,y).

185

www.manharaa.com



To prove that V,(x) given by (7.5) is a storage function let 7 a'ZS. 0 be the Fi-stopping

time, z € D, and ¢t > 0, and note that since V() < oo by assumption,

V) = swp BB |~ [ ru(s)p(s))aslo(0) = ]|

u(), T 20
= u%%)ﬂi E [— /Otr(u(s), y(s))ds|z(0) = x}

. Eh}[lwﬁmmmmﬂmmﬁﬂl

a.s.
u(t+), 7>t

= sup E
u([0,])

E [— /Otr(u(s), y(s))ds|z(0) = 2 + V,(z(t))]x(0) = :c} ] : (7.17)

a.s. a.s.
Now, let 7,7 be finite F;-stopping times such that 0 < 7 < 7. Then, using the strong

Markov property of solutions to (7.1) [74], it follows from (7.17) that
B |- [ o) (sl + ViGal)I
=1[mmammm+E}llm@yQM@a+mum»a
<= [ rluls) p(o)as + E a1
:1[mwammm+wum» (7.18)

Therefore, V,(x fo ))ds, t > 0, is a F-supermartingale, and hence, V,(-) is a

storage function for G.

Next, if Vi(z), € D, is a nonnegative-definite storage function, then it follows from

Doob’s optional-stopping theorem [111, Thm. 10.10] that, for all F;-stopping times 7 3§ 0

and zo € D,
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and hence, with (0) ®= m, it follows that

Vilaw) = B(0))] 2 <5 [2| [ r(ato), s0)atlo(0) 2 ]

which further implies
umnp-mehU%mmwmm®ﬁmH=wm,
u(-), TaAZSAO 0

yielding (7.12).

Finally, the proof for the stochastic exponentially dissipative case follows an identical

construction and, hence, is omitted. O

The following corollary to Theorem 7.1 shows that the nonlinear stochastic dynamical
system G is stochastically dissipative (resp., stochastically exponentially dissipative) with re-
spect to the supply rate r(-, -) if and only if there exists a storage function (resp., exponential

storage function) V(-) satisfying (7.10) (resp., (7.11)).

Corollary 7.1. Consider the nonlinear stochastic dynamical system G given by (7.1)
and (7.2), and assume that G is completely stochastically reachable. Then G is stochastically
dissipative (resp., stochastically exponentially dissipative) with respect to the supply rate

r(u,y) if and only if there exists a nonnegative measurable function V; : D — R satisfying

t

Vz(0) = 0 and Vi(z(t)) — fti r(u(s),y(s))ds, t >ty (vesp., eVi(x(t)) — [, e*r(u(s), y(s))ds,
t > ty), is a Fy-supermartingale for all ¢y, > 0, where z(t), t > to, is the solution of (7.1)

with u(-) € U.

Proof: The result is immediate from Theorem 7.1 with Vi(z) = V,(z). O

The following theorem provides conditions for guaranteeing that all storage functions
(resp., exponential storage functions) of a given stochastically dissipative (resp., stochasti-
cally exponentially dissipative) nonlinear stochastic dynamical system are positive definite.

For this result we require the following definition.
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Definition 7.5. A nonlinear stochastic dynamical system G is zero-state observable if

u(t) = 0 and y(t) = 0 implies z(t) = 0.

Theorem 7.2. Consider the nonlinear stochastic dynamical system G given by (7.1) and
(7.2), and assume that G is completely stochastically reachable and zero-state observable.
Furthermore, assume that G is stochastically dissipative (resp., stochastically exponentially
dissipative) with respect to the supply rate r(u, y) and there exists a function x : Y — U such
that x(0) = 0 and 7(k(y),y) < 0, y # 0. Then all the storage functions (resp., exponential
storage functions) Vi(x), = € D, for G are positive definite, that is, V;(0) = 0 and V(x) > 0,

reD, x#0.

Proof: It follows from Theorem 7.1 that the available storage V,(x), x € D, is a storage

function for G. Next, suppose there exists © € D, x # 0, such that V,(x) = 0, which implies

0= s E{E[ /Or ())dt@()fm”

u()7'>0

> sup]E{ [ /O . y(£))dt]2(0) :xH

>0
>0,

that

and, hence, r(x(y(t)),y(t)) = 0 almost everywhere ¢ > 0. Since there exists a function
k1Y — U such that x(0) = 0 and 7(k(y),y) < 0, y # 0, it follows that y(t) = 0 almost
everywhere t > 0. Now, since G is zero-state observable it follows that x = 0, and hence,
Va(z) = 0 if and only if © = 0. The result now follows from (7.12). Finally, the proof for the

exponentially dissipative case is identical. O

If Vi(+) is two-times continuously differentiable, then an equivalent statement for the
stochastic dissipativeness of G with respect to the supply rate r(u,y) can be characterized

by the infinitesimal generator L.
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Proposition 7.1. Consider the nonlinear stochastic dynamical system G given by (7.1)
and (7.2). If V; : D C R™ — R is two-times continuously differentiable and has a compact

support, then G is stochastically dissipative with respect to supply rate r(-,-) if and only if

2 V() 1, o, (0*V(2)
= F(a:,u)+§trD (x) 52

LV, (x) D(z) <r(u, H(z,u)), (x,u)€ DxU. (7.19)

Proof: Suppose G is dissipative with respect to the supply rate r(u, y) and with a storage

function Vy(z), x € D. Then, for every h > 0, it follows from Definition 7.3 that

t+h t
E Vs(l'(tJrh))lft—/ T’(U(S),y(S))dSIE} SVs(x(t))—/ r(u(s), y(s))ds,  (7.20)

to to

which implies

EV:(x(t + h)|F] = Vi(z(t))

IN

e|f Hhr(u(s),y(s))dsm] - [ rtuts) wisnas

to to

- E { /t t+hr(u(s),y(s))ds|ﬂ] . (7.21)

Using the Markov property of solutions, taking the expectation, and letting z(t) = z, x € D,

and u(t) = u, u € U, yields
B[ [Va(a(t + )|o() 2 2, u(t) 2 o] | - Vi(a)
t+h
<E [E [/ r(u(s), H(z(s),u(s)))ds|z(t) 2 2, u(t) = u” :
¢
Now, dividing both sides by h and taking the limit as h — 07 yields

lim ~ [E [ [Vala(t + m)le(t) 22 2, u(t) 22 u]| - Vi(w)]

T h—0t

1 t+h a.s a.s
< lim 7 []E [E {/ r(u(s), H(z(s),u(s)))ds|x(t) = z,u(t) = u”]
t
= r(u, H(z,u)).
Since V, € C? and has a compact support by assumption, (7.19) follows from [83, Thm. 7.9].

Conversely, if V, € C? and has a compact support, and satisfies (7.19), then the infinites-

imal generatoroperatorL0f the process V(x(t)), t > to, where z(t), t > tg, is solution of
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(7.1), is given by (7.19) [83, Thm. 7.9]. Now, letting 0 < ¢; < ta,

B [Vete) s — [ riats)uts)ast, | & [Vita(e)l £, - [ rtuto) vl 7]
~ E(((o(t) Vit 1] ~ B | [ o) o)l 7

t1

] / Wi -z / r(uls) (o))l 7

= / enz] -z () w7

<0, (7.22)

which shows that V(z fo ))ds, t > 0, is Fi-supermartingale, and hence, Vi(+)
is a storage function, and, by definition, G is stochastically dissipative with respect to the

supply rate r(u,y). O

Similarly, an equivalent statement for stochastic exponential dissipativeness of G with

respect to the supply rate r(u,y) is

LVi(x) + eVi(x) < r(u, H(z,u)). (7.23)

Next, we introduce the concept of a required supply of a nonlinear stochastic dynamical
system. Specifically, define the required supply V,(xq) of the nonlinear stochastic dynamical

system G by

Viwo) = inf E [E [ /O (), (1)) de|2(0) % 0” | (7.24)

a.s.
U(), Txqg >0

where x(t), t > 0, is the solution to (7.1). The infimum in (7.24) is taken over all system
sample paths starting from x(0) = 0 at time t = 0 and ending at z(7,,) = 7o at time t = 7,
and all times ¢ > 0 or, equivalently, over all admissible inputs u(-) which drive the dynamical
system G from the origin to z over the time interval [0, 7,,]. If the system is not reachable
from the origin, then we define V;(xy) = oo. It follows from (7.24) that the required supply
of a nonlinear stochastic dynamical system is the minimum amount of generalized average

energy that has to be delivered to the dynamical system in order to transfer it from an initial
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state £(0) = 0 to a given state z(7,,) = xo. Similarly, define the required exponential supply
of the nonlinear dynamical system G by

Vizo) = inf E [E { /0 " et (ult), y(1))dt2(0) 2 o” , (7.25)

a.s.
u()7 Tzq >0

where z(t), t > 0, is the solution to (7.1) with z(0) = 0 and z(7,,) = z. Note that since,

with z(0) = 0, the infimum in (7.24) is zero it follows that V;(0) = 0.

Next, using the notion of a required supply, we show that all storage functions are
bounded from above by the required supply and bounded from below by the available storage,
and hence, a stochastic dissipative dynamical system can deliver to its surroundings only a
fraction of its generalized stored energy and can store only a fraction of the generalized work

done to it.

Theorem 7.3. Consider the nonlinear stochastic dynamical system G given by (7.1) and
(7.2), and assume that G is completely stochastically reachable. Then G is stochastically
dissipative (resp., stochastically exponentially dissipative) with respect to the supply rate
r(u,y) if and only if 0 < V,(z) < oo, x € D. Moreover, if V,(z) is finite and nonnegative
for all z € D, then Vi(z), x € D, is a storage function (resp., exponential storage function)
for G. Finally, all nonnegative storage functions (resp., exponential storage functions) Vi(x),

x € D, for G satisfy

0 < Vi(z) < Vi(x) < Vi(z) < o0, z € D. (7.26)

Proof: It follows from the definition of V;(-) that for every stopping time 7 a‘zs. 0,

Vi(z(1))= inf E {/OTT(u(t),y(t))dﬂx(O) = 0] . (7.27)

a.s.
u()» 720

Now, suppose G is dissipative with respect to the supply rate r(u,y) then, by definition,

0<E [E [/OTr(u(t),y(t))dﬂx(O) s 0” <0
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a.s.
for all Fi-stopping times 7 > 0 and admissible inputs u(-). Therefore,

0< inf E []E [ /O " r(ult), y(6))dt(0) o” = E[Vi(z(7))] < oo,

a.s.
u(:),7>0

which, with 7 = 7, x € D, implies V;(x) = E[V;(x(7,))], and hence, 0 < V;(x) < oc.

Conversely, suppose 0 < Vi(z) < oo, x € D. Therefore, for all 7 a.zs. 0,

0 < E[Vi(z(7))]

— inf E [E [ /0 " r(u(t), y(1))di|z(0) = o”

a.s.
u(:),7>0

<E []E { /0 " r(ult), ()t (0) 0” .

Hence, G is dissipative with respect to the supply rate r(u,y). To prove that V;(-) given by
(7.24) is a storage function, let 7,7 be finite F;-stopping times such that 0 < 7 < 7. Then,

it follows from (7.27) that

_

Vteln) = int 8| [ ol p0)atla(0) =0
w50 Lo
< it E[ /OTr(u(t),y(t))dﬂx(O)a':S-o]
< it w [ [T 0= of <] [ . v
= e +E| [ rtutt).onala(7)|. (7.28)

Using the strong Markov property of the solution x(t),t > 0 of (7.1) [74], it follows from
(7.28) that

E {_ /OT r(u(s), y(s))ds| Fs + Vr(‘”(T))'E}

(7.29)
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Therefore, V;(x fo (s))ds, t > 0, is Fy-supermartingale, and hence, V;(+) is a

storage function for G.

Next, if Vi(z), € D, is a nonnegative-definite storage function, then it follows from

Doob’s optional-stopping theorem [111, Thm. 10.10] that, for all F;-stopping times 7 azs 0,
V(o(0) 2 E |~ [ r(ulo)y(0)la(0) + Vi(a(r)) ko).
Now, let #(0) 2 0 and 7 = 7,2 € D, and since V;(0) = 0, it follows that
0 = E[Vi(z O))]
r(u(t), y(t))dt](0) L= o” +E B | Vi(a(r.)le(0) 0]
r(u t))dt|z(0) = OH + Vi(z),

and hence,

which implies (7.26).

Finally, the proof for the stochastic exponentially dissipative case follows a similar con-

struction and, hence, is omitted. O

As a direct consequence of Theorems 7.1 and 7.3, we show that the set of all possible
storage functions of a stochastic dynamical system forms a convex set parameterized by
the system available storage and the system required supply. An identical result holds for

exponential storage functions.

Proposition 7.2. Consider the nonlinear stochastic dynamical system G given by (7.1)
and (7.2) with available storage V,(x), z € D, and required supply V;(z), x € D, and assume

G is completely stochastically reachable. Then, for every a € [0, 1],

Vi(z) = aVu(z) + (1 — a)Vi(x), €D, (7.30)
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Proof: The result is a direct consequence of the definition of storage function by noting
that if V,(z fo ))ds, t > 0, and Vi(z fo ))ds, t > 0, are

Fi-supermartingales, then V;(z fo )ds t >0, is a Fi-supermartingale. O

In light of Theorems 7.1 and 7.3 we have the following result on lossless stochastic dy-

namical systems.

Theorem 7.4. Consider the nonlinear stochastic dynamical system G given by (7.1) and
(7.2), and assume G is completely stochastically reachable to and from the origin. Then G is
lossless with respect to the supply rate r(u y) if and only if there exists a storage function
Vi(z), x € D, such that Vi(z fo ))ds, t > 0, is a F-martingale. Furthermore,
if G is lossless with respect to the supply rate r(u,y), then V,(z) = Vi(z), and hence, the

storage function Vi(z), = € D, is unique and is given by
Vitaw) = B | [ r(ulo) p(0)atlo(0) 2 |
_E [E [ /0 (), y(t))dt(0) 2 0” , (7.31)

where x(t), t > 0, is the solution to (7.1) with admissible u(-) € U and for every 79, 7, a.ZS. 0

such that () = 0 and 2(7,,) = 0, 79 € D.

Proof: Suppose G is lossless with respect to the supply rate r(u, y). Since G is completely
reachable to and from the origin it follows that, for every xy € D, there exist finite 7, a'zs' 0
and admissible u(-) € U on [0,7,,] such that z(7,,) = xo for 2(0) 2= 0. Let 7 ag 0 be
a JFi-stopping time and note that by the strong Markov property of the solution x(t) of
(7.1) [74],

0—E|E] /0 T ), (1)t (0) o”

_E|E ( /0 T (), y(6)dt + / e r(u(t),y(t))dt) 12(0) 22 o”

0
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B[ ) v0)dar,) x”

0

I
=
=

/O T (ult), y(1))dt|2(0) o” +E [E /O (), y()dt2(0) = %”

= ‘/r(a?o) — Vé(l‘o N (732)

which implies that V;(xo) < Va(zo), o € D. However, since by definition G is stochastically
dissipative with respect to the supply rate r(u,y) it follows from Theorem 7.3 that V,(z¢) <
Vi(zo), o € D, and hence, every storage function Vy(zy), xo € D, satisfies V,(xo) = Vi(zo) =
Vi(zo). Furthermore, it follows that the inequality in (7.32) is indeed an equality, which
implies (7.31).

a.s. a.s.

Next, let 71,7 be two F;-stopping times such that 7 > n>T >0, 2(n) 0. It

follows from (7.31) that

a.s.

Vita(0) = & | [ o) ueasta(v] . 0

and hence,

B [Wlelr) - [ rlul)s9)asl7)

—e[-2 [ [" vttt - [tz
g :—E [ / r(u(sxy(s))dsm(rz)} - / ; r<u<s>,y<s>>ds|fm]
~ & [Vital) [ r(uls)p(s)) sl

= Vi(a(rm)) — / " r(u(s), y(s))ds,

which implies that Vi(x fo (s))ds, t > 0, is a Fi-martingale.

Conversely, if there exists a storage function Vy(z), x € D, such that

Vi(a(t)) - / r(u(s),y(s)ds, ¢>0,
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is a Fi-martingale, then it follows from Corollary 7.1 that G is stochastically dissipative with
respect to the supply rate r(u,y). Furthermore, for every u(-) € U, t > 0, and z(ty) =

z(t) 2 0, it follows from (7.10) (with an equality) that

/ r(us), y(s))ds %2 0,

to

which implies that G is stochastically lossless with respect to the supply rate r(u,y). O

7.3. Extended Kalman-Yakubovich-Popov Conditions for Nonlin-
ear Stochastic Dynamical Systems

In this section, we show that stochastic dissipativeness, stochastic exponential dissipa-
tiveness, and stochastic losslessness of nonlinear affine stochastic dynamical systems G of the

form
do(t) = [f(x(t)) + G(x(t)u(t)]dt + D(z(t))dw(t), =x(ty) = x0, t>to, (7.33)

h(z(t)) + J(z(t))u(t), (7.34)

<

—~
~+

~—
I

where for t > t, 2(t) € HP, D is an open set with 0 € D, u(t) € U CR™, y(t) € Y C R,
f:D—=-R"G:D—=R>"" D:D—-R> h:D =R and J:D — R*™" can be
characterized in terms of the system functions f(-), G(-), D(-), h(-), and J(-). We assume
that f(-), G(), D(-), h(-), and J(-) are continuously differentiable mappings and G has at
least one equilibrium so that, without loss of generality, f(0) = 0, D(0) = 0, and h(0) = 0.
Furthermore, for the nonlinear stochastic dynamical system G we assume that the required

properties for the existence and uniqueness of solutions in forward time are satisfied.

For the following result we consider the special case of dissipative systems with quadratic
supply rates [108]. Specifically, set D = R", U = R™, Y = R’ let Q € S!, R € S™, and
S € R™™ be given, where S? denotes the set of ¢ X ¢ symmetric matrices, and assume
r(u,y) = yTQy + 2yTSu + uT Ru. Furthermore, we assume that there exists a function
k : Rt — R™ such that x(0) = 0 and r(x(y),y) < 0, y # 0, and the available storage V,(z),

BnER sforGrissantwo-timesscontinuously differentiable function.
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Theorem 7.5. Let Q € S', S € R>™ R € S™ and let G be zero-state observable
and completely stochastically reachable. G is stochastically dissipative with respect to the
quadratic supply rate r(u,y) = y*Qy +2y*Su + uT Ru if and only if there exist functions
Vi:R*" - R, £:R" — RP, and W : R" — RP*™ guch that V;(-) is two-times continuously

differentiable and positive definite, V(0) = 0, and, for all z € R",

0 = VJ(z)f(z) + 5tr DX (2)V)"(2)D(x) — h' (2)Qh(z) + £ (2)6(x), (7.35)
0= %VS'(m)G(x) — WM (2)(QJ(z) + S) + (T (2)W(x), (7.36)
0=R+STJ(x)+J"2)S + I (2)QJ(x) — W (2)W(x). (7.37)

If, alternatively,
N(z) = R+ STJ(z)+ J(2)S + JY(2)QJ(z) >0, zeR", (7.38)

then G is stochastically dissipative with respect to the quadratic supply rate 7(u,y) = yTQy
+2y"Su + uT Ru if and only if there exists a two-times continuously differentiable function

Vi : R™ — R such that V() is positive definite, V;(0) = 0, and, for all x € R",

0 2 Vi(z)f(z) + %tr DY (x)VY'D(w) — b (2)Qh(z) + [V (2)G(2) — h' (2)(QJ () + )]

N @) 3V ()G (@) — b (2)(QJ (x) + S)]". (7.39)

Proof: First, suppose that there exist functions Vi : R® — R, £ : R" — RP, and W :
R™ — RP*™ such that V;(+) is two-times continuously differentiable and positive definite, and
(7.35)—(7.37) are satisfied. Then for every admissible input u(-) € U, t1,ts € R, ty > t1 > ty,
it follows from (7.35)—(7.37) that

to t2
E [/ r(u,y)dt|.7—"tl} =E {/ [y Qy + 2y" Su + uTRu]dt|]-"tl]

t1 t1

= ]E{/ 2 [T (2)Qh(z) 4+ 2h" (2)(S + QJ(z))u

t1

+u' (J(2)QJ (x) + ST J(z) + J"(x)S + R)u] dtlﬂl}

197

www.manaraa.com



t1

WD+ W)W )]l 7

—E [/ : [LVi(z) + [6(z) + W(z)u]"[((z) + W(x)u]]dﬂ]:tl}

t1
> B [Vi(a(t2))[Fr] = Valz(h)),
where z(t), t > 0, satisfies (7.33) and LV;(-) denotes the infinitesimal generator of the storage
function along the trajectories x(t), t > to, of (7.33). Now, the result is immediate from

Corollary 7.1.

Conversely, suppose that G is stochastically dissipative with respect to a quadratic supply
rate r(u,y). Now, it follows from Theorem 7.1 that the available storage V,(z) of G is finite
for all z € R, V,(0) = 0, and

ta
E [Va(z(t2))|F1,] < Va(e(t)) + E Ml r(u(t), y(0)dt|Fyy | 2 >t (7.40)
for all admissible u(-) € Y. Dividing (7.40) by t2 — ¢; and letting to — ¢; it follows that

LV, (x(t)) < r(u(t),y(t)), t>0, (7.41)

where x(t), t > t, satisfies (7.33) and

[I>

LVa(z(t) = V(=) (f (x(1)) + Gz (t))u(t)) + %tr D (x(t))Vy' (x(t)) D((t))

denotes the infinitesimal generator of the available storage function along the trajectories

x(t), t > to. Now, with ¢ = to, it follows from (7.41) that

V(z0)(f(zo) + G(zo)u) + 2tr D™ (20) V) (z0) D (o) < 7(u, y(to)), uweR™  (7.42)

Next, let d : R x R™ — R be such that
d(z,u) = —LV,(x) + r(u,y)
ALkl
~ av

+ G(2)u) — ttr DY (2)V)(z)D(z) + r(u, h(z) + J(z)u). (7.43)
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Now, it follows from (7.41) that d(z,u) > 0, x € R", w € R™. Furthermore, note that
d(x,u) given by (7.43) is quadratic in u, and hence, there exist functions ¢ : R" — R and

W : R™ — RP*™ guch that

d(z,u) = [0(z) + W(z)u]T[0(z) + W(z)u]
= —V/(2)(f(2) + G(z)u) — ttr DT (x)V/(2)D(x) + r(u, h(z) + J(z)u)
= —Vi(@)(f(z) + G(x)u) — 3tr D" (2)V(2)D(x) + (h(z) + J(2)u) ' Q(h(z) + J(2)u)
+2(h(x) + J(2)u)t Su + u" Ru.

Now, equating coeflicients of equal powers yields (7.35)-(7.37) with Vi(z) = V,(z) and the

positive definiteness of Vi(x), z € R, follows from Theorem 7.2.

Finally, to show (7.39) note that (7.35)—(7.37) can be equivalently written as

)
{ lg((m)) 8 ] { l/l;/TT(g) ] [ ) W) ] <0, zeR", (7.44)

where A(z) = V/(2)f(z) + gtr D"(«)V/'(2)D(z) — k" (2)Qh(z), B(x) = ;V/(2)G(z) —
hT(2)(QJ(x) +S), and C(x) = —(R+STJ(2)+J" (2)S+JT(2)QJ(x)). Now, for all invertible
T € ROFOUXm+) (7 44) holds if and only if 77 (7.44)T holds. Hence, the equivalence
of (7.35)—(7.37) to (7.39) in the case when (7.38) holds follows from the (1,1) block of

TH(7.44)T, where
. 1 0
| —CM(@)BT(z) T

This completes the proof. O

T

Note that the assumption of complete stochastic reachability in Theorem 7.5 is needed
to establish the existence of a nonnegative-definite storage function Vi(-) while zero-state
observability along with the existence of a function x : R — R™ such that x(0) = 0 and
r(k(y),y) <0, y # 0, ensures that V;(-) is positive definite. In the case where the existence
of a two-times continuously differentiable positive-definite storage function V(+) is assumed
for G, then G is stochastically dissipative with respect to the quadratic supply rate r(u,y)
withpsteragesfunetiongls(muifsand only if (7.35)—(7.37) are satisfied.
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Remark 7.2. If (7.35) and (7.39) in Theorem 7.5 are, respectively, replaced by
0 = V/(2)f(x) +eVi(x) + itr DT (2)V/(2)D(x) — h" (2)Qh(z) + (T (2)l(x), (7.45)
0> Vi(2)f(2) +eVi(x) + gtr DT @)V, (2) D(x) — I ()Qh(x)
W (@)G(2) — kT (2)(QJ(2) + $)IN (@) [3Vi(2)G(x) — 1 (2)(QT () + S)]T, (7.46)

where € > 0, then it can be shown that Theorem 7.5 provides necessary and sufficient

conditions for stochastic exponential dissipativity.

Finally, we provide necessary and sufficient conditions for the case where G given by

(7.33) and (7.34) is lossless with respect to a quadratic supply rate r(u,y).

Theorem 7.6. Let Q € S!, S € R*™ R € S™, and let G be zero-state observable and
completely stochastically reachable. G is stochastically lossless with respect to the quadratic
supply rate r(u, y) = yTQy+2yT Su+uT Ru if and only if there exists a function V; : R® — R
such that V;(-) is two-times continuously differentiable and positive definite, V5(0) = 0, and,

for all x € R™,

0 = V/(x)f(x) + 3tr D' (2)V)"(2) D(x) — h' (2)Qh(x), (7.47)
0 = 3V(2)G(x) — ' ()(QJ(x) + 5), (7.48)
0=R+STJ(x)+J"2)S + T (2)QJ(x). (7.49)
Proof: The proof is analogous to the proof of Theorem 7.5. O

Using (7.35)—(7.37) it follows that

E [/ T(U(S),y(S)dSIEO} = E[Va(a () Fi] — Va(z(to))

to

+E V [((s)) + W(a())u(s)] [((x(s)) + W(a(s))u(s)]ds|Fy, | , (7.50)

to

which can be interpreted as a generalized energy balance equation, where E [V (z(t))|F,] —
Vi(z(to)) is the stored or accumulated generalized energy of the system and the second path-

dependent. term on.the right.corresponds to the dissipated generalized energy of the system.
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Rewriting (7.50) as
LV,(z) = r(u,y) — [(x) + W(z)u]"[(z) + W(x)u], (7.51)

yields a generalized energy conservation equation which shows that the rate of change in
generalized system energy, or generalized power, is equal to the external generalized system

power input minus the internal generalized system power dissipated.

Note that if G with a two-times continuously differentiable positive-definite storage func-
tion is stochastically dissipative with respect to the quadratic supply rate r(u,y) = y*Qy +

2yTSu + uT Ru, and if Q < 0 and u(t) = 0, then it follows that

o

.S. .S.

LVi(z(t)) <y (t)Qu(t) < 0, t>0. (7.52)

o

Hence, the zero solution z(t) = 0 of the undisturbed (u(t) = 0) nonlinear stochastic system

(7.33) is Lyapunov stable in probability. Alternatively, if G with a two-times continuously

differentiable positive-definite storage function is exponentially dissipative with respect to

o

.S.

the quadratic supply rate r(u,y) = y*Qy +2y* Su+u" Ru, and if Q < 0 and u(t) = 0, then

it follows that

a.s. a.s.

LVy(x(t)) < —eVi(a(®) +y" (H)Qy(t) < —eVi(x(t),  t=0. (7.53)

a.s.

Hence, the zero solution z(t) = 0 of the undisturbed (u(t) = 0) nonlinear stochastic system
(7.33) is asymptotically stable in probability. If, in addition, there exist scalars «, 5 > 0 and
p > 1 such that

allcl|” < Vi(z) < Blle)?, 2z eRY, (7.54)

o

then the zero solution z(¢) = 0 of the undisturbed (u(t) = 0) nonlinear stochastic dynamical

system (7.33) is exponentially p-stable in probability.

Next, we provide several definitions of nonlinear stochastic dynamical systems which are
stochastically dissipative or stochastically exponentially dissipative with respect to supply

rates of a specific form.
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Definition 7.6. A stochastic dynamical system G of the form (7.1) and (7.2) with m ={
is stochastically passive (respectively, stochastically ezponentially passive) if G is stochasti-
cally dissipative (respectively, stochastically exponentially dissipative) with respect to the

supply rate r(u,y) = 2ury.

Definition 7.7. A stochastic dynamical system G of the form (7.1) and (7.2) is stochas-
tically nonexpansive (respectively stochastically exponentially nonexpansive) if G is stochas-
tically dissipative (respectively, stochastically exponentially dissipative) with respect to the

supply rate r(u,y) = y*uTu — yTy, where v > 0 is given.

Example 7.1. Consider the nonlinear dynamical system given by

dzi(t) = zo(t)dt, 21(0) ¥ 219,  t >0, (7.55)
dzo(t) = [—g(x1(t)) — az1(t) + u(t)]dt + oza(t)dw(t), 72(0) = 290, (7.56)

y(t) = by (t) + xo(2), (7.57)

where 0 < b, b+ %O’Q <a,zg(x) >0,z € R, xz#0,and ¢g(0) = 0. To examine the stochastic

passivity of (7.55)—(7.57) consider the storage function
Z1
Vi(z1,20) = $[Ba’a} + 2Baxizs + 23] + a/ g(s)ds, (7.58)
0

where a > 0 and 3 € (0,1). Note that V(xy, ) is positive definite and radially unbounded.

Now, computing LV;(x1,xs) yields

LVy(x1,15) = a|Ba’s) + Baxy + g(x1)]xs + a(Baxy + 22)[—g(71) — azy + u] + %aa%%

= —afarig(z1) + a[(f — Da+ 20|23 + a(Baxt + x2)u. (7.59)

Setting a = 1 and = b/a < 1 if follows that
LVi(x1,2) = uy — barg(z1) — (a — b— 10?23 < uy, (7.60)
) is stochastic passive. A
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The following results present the nonlinear versions of the Kalman-Yakubovich-Popov
positive real lemma and the bounded real lemma for passive and nonexpansive stochastic

dynamical systems.

Corollary 7.2. Let G be zero-state observable and completely stochastically reachable.
G is stochastically passive if and only if there exist functions V; : R® — R, ¢ : R" — RP,
and W : R" — RP*™ guch that V4(-) is two-times continuously differentiable and positive

definite, V5(0) = 0, and, for all z € R",

0 = V(z)f(z) + itr D™ (2)V(z)D(z) + (" (2)l(x), (7.61)
0 = IV (2)G(z) — K" (z) + (M (x)W(2), (7.62)
0= Jx)+J () = WHa)W(x). (7.63)
If, alternatively,
J(x)+J5x) >0, z€R" (7.64)

then G is stochastically passive if and only if there exists a two-times continuously differ-
entiable function V; : R® — R such that V() is positive definite, V;(0) = 0, and, for all

r e R™

0 > V/(2)f(x) + 3tr DV (2)V]'(2)D() + [3Vi(2)G(x) — h' (z))

2Vs

[J(@) + T (@) [FVE ()G () — B ()] (7.65)

Proof: The result is a direct consequence of Theorem 7.5 with [ =m, Q =0, S = [,
and R = 0. Specifically, with x(y) = —y it follows that r(k(y),y) = —2y*y < 0, y # 0, so

that all the assumptions of Theorem 7.5 are satisfied. O

Corollary 7.3. Let G be zero-state observable and completely stochastically reachable.
G is stochastically nonexpansive if and only if there exist functions V; : R* — R, / : R" — RP,

and W : R" — RP*™ guch that V4(-) is two-times continuously differentiable and positive
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definite, V5(0) = 0, and, for all z € R",

0= V/(x)f(z)+ %tr DY (2)V"(x)D(x) + h* (x)h(z) + £ (2)l(x), (7.66)
0 = W/ (2)G(z) + h'(z)J(z) + (T (2)WV(z), (7.67)
0 =L, — J (2)J(z) = W (z2)W(2), (7.68)

where v > 0. If, alternatively,
VL, — JY(2)J(2) >0, xR, (7.69)

then G is stochastically nonexpansive if and only if there exists a two-times continuously
differentiable function Vi : R” — R such that V4(-) is positive definite, V5(0) = 0, and, for all

r € R",
0 > VJ(2)f(x) + 3tr DT (2)V(x) D(x) + A (2)h(z) + [3V5 (2)G(x) + A" (2) ] ()]

[V L = T (@) T ()] 7[5V ()G () + B () ()] (7.70)

Proof: The result is a direct consequence of Theorem 7.5 with Q = —1I;, S = 0, and
R = ~*I,,. Specifically, with x(y) = —%y it follows that r(k(y),y) = —3yTy <0, y # 0, so

that all the assumptions of Theorem 7.5 are satisfied. O

Example 7.2. Consider the nonlinear controlled stochastic dynamical system given by

dZL’l(t) = xg(t)dt, l‘l(O) = Z10, t Z 0, (771)
dao(t) = [—asinz(t) — bry(t) + u(t)]dt + oxe(t)dw(t), 32(0) = o0, (7.72)
y(t) = xa(t), (7.73)

where a,b > 0. Note that (7.71)—(7.73) can be written in the state space form (7.33) and
(7.34) with x = [z1, 22|T, f() = [x9, —asinz; — bxs]Y, G(z) = [0, 1]%, D(x) = [0, oxy)7T,

h(x) = xq, and J(x) = 0. To examine the stochastic nonexpansivity of (7.71)—(7.73) consider
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the storage function Vi(z) = a(1 — coszy) + 323 satisfying Vi(z) > 0, z € R?. Now, using
Corollary 7.3 it follows from (7.70) that

0> [asin, xz}{ 2 }ﬁ[o 0962}{616%1;1 OH 0 ]+h2(x)

—asinx; — bxsy 0 1 oTo
+ﬁ [ asinr; o } [ ] { asin, } (7.74)
or, equivalently,
0> (14 50° = b)h*(x) + gzh*(2). (7.75)
Hence, (7.75) is satisfied if y > ——L— A

Finally, we note that if (7.61) and (7.65) in Corollary 7.2 are replaced, respectively, by
0 = VI(2)f(x) + eVi(x) + gtr D (2)V' () D(x) + €1 (2) (), (7.76)
0 > V/(2)f(z) +eVi(w) + tr DT (2)V(2)D(2) + [3V(2)G(x) — h' (z)]
[T(@) + T (@) 3V (2)G(z) — b ()], (7.77)
where € > 0, and (7.66) and (7.70) in Corollary 7.3 are replaced, respectively, by
0 = VJ(z)f(z) +eVi(z) + str DT (2)V)"(2)D(z) + h" (z)h(z) + (F (x)l(z), (7.78)
0 > V/(2)f(2) +eVi(w) + 5tr D (2)VY'(2) D(2) + h* (2)h(z) + [5V(2)G(x) + I (2) ] (2)]
[ L = T (@) I (2)] 7 GV (@) G (@) + b (@) I (2)], (7.79)
where ¢ > 0 and v > 0, then Corollaries 7.2 and 7.3 present the nonlinear versions of
the Kalman-Yakubovich-Popov strict positive real lemma and strict bounded real lemma for

exponentially passive and exponentially nonexpansive stochastic dynamical systems, respec-

tively.

7.4. Stability of Feedback Interconnections of Dissipative Stochas-
tic Dynamical Systems

In this section, we consider feedback interconnections of stochastic dissipative dynam-

ical-systemsamopecificallyuising the notion of stochastically dissipative and stochastically
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exponentially dissipative dynamical systems, with appropriate storage functions and supply
rates, we construct Lyapunov functions for interconnected stochastic dynamical systems by
appropriately combining storage functions for each subsystem. The feedback system can be
nonlinear and either dynamic or static. In the dynamic case, for generality, we allow the
nonlinear feedback system (compensator) to be of fixed dimension n. that may be less than

the plant order n.

We begin by considering the nonlinear stochastic dynamical system G given by (7.33)

and (7.34) with the nonlinear stochastic feedback system G. given by
dze(t) = [fo(@e(t)) + Ge(ue(t), Te(t))uc(t)]dt + De(wc(t))dwe(t), 2.(0) = 2, t >0, (7.80)
Ye(t) = he(ue(t), xe(t)) + Je(uc(t), zc(t))uc(t), (7.81)

where 7. € R™, u, € R, y. € R™, f.: R™ — R" satisfies f.(0) =0, G : R! x R"% — Rnex!,
D, : R% — Rmexde gatisfies D.(0) = 0, h. : Rl x R* — R™ satisfies h.(0,0) = 0, J. :
R! x R™ — R™! and w,(-) is a d.-dimensional independent standard Wiener process such
that, for all ¢ > s, w.(t) —w,(s) is independent of z.(7), w.(7), T < s, and z.(0). We assume
that fo(+), Ge(+), De(+), he(:,-), and J.(+,-) are continuously differentiable mappings and
the required properties for the existence and uniqueness of solutions in forward time of the
feedback interconnection of G and G. are satisfied. Here and henceforth we assume that the
negative feedback interconnection of G and G. is well posed, that is, det[,,, + J.(y, z.)J (z)] #

0 for all y, x, and ..

The following results give sufficient conditions for Lyapunov, asymptotic, and exponential

mean square stability in probability of the feedback interconnection of G and G..

Theorem 7.7. Consider the closed-loop system consisting of the nonlinear stochastic
dynamical systems G and G. with input-output pairs (u,y) and (uc, y.), respectively, and
with u. = y and y. = —u. Assume G and §. are zero-state observable and stochastically
dissipative with respect to the supply rates r(u,y) and 7.(ue, y.) and with two-times contin-

uously.differentiablespositive definite, and radially unbounded storage functions V() and
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Vie(+), respectively, such that V;(0) = 0 and V.(0) = 0. Furthermore, assume there exists a

scalar o > 0 such that r(u,y) + orc(uc, y.) < 0. Then the following statements hold:
i) The negative feedback interconnection of G and G, is Lyapunov stable in probability.

i1) If G, is stochastically exponentially dissipative with respect to supply rate r.(uc, yc)
and rank[G.(uc,0)] = m, u. € R, then the negative feedback interconnection of G and G, is

globally asymptotically stable in probability.

i1i) If G and G, are stochastically exponentially dissipative with respect to supply rates
r(u,y) and r.(uc, ye), respectively, and V(-) and Vi.(-) are such that there exist constants

a, e, 3, and [, > 0 such that

aflzl* < Vi(x) < Blz)?, z e RY, (7.82)

elze|]? < Vie(we) < Bellze|l?, z. € R™, (7.83)
then the negative feedback interconnection of G and G. is globally exponentially mean square
stable in probability.

Proof: i) Consider the Lyapunov function candidate V (z, z.) = Vi(x) +0Vic(x). Now,
the corresponding infinitesimal generator for the closed-loop system is given by

LV (z,x.) = LVi(x) + 0LV (xe) < 1(u,y) + ore(uc, ye) <0, (x,2.) € R" x R™,

which, by Theorem 3.1, implies that the negative feedback interconnection of G and G, is

Lyapunov stable in probability.

it) If G. is stochastically exponentially dissipative it follows that for some scalar . > 0,

LV (z,x.) = LVi(x) + 0LV ()

IN

_JSC‘/;C('rC) + T(U, y) + O-Tc(uca yc)

< —oeVie(ze), (r,z.) € R" x R".
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Since Vi.(z.) is positive definite, Lyapunov stability in probability of the closed-loop system
follows from Theorem 3.1. Moreover, since Vy.(z.) = 0 only if z. = 0, it follows from [75, Cor.
4.2] that limy_e 7(t) 2 0. Now, since rank[G(uc,0)] = m, u. € R, it follows that,
limy o0 Ue(t) = limy_,oo y(t) = 0, and hence, by (7.81), limy_,o u(t) 2= 0. Now, since G is
zero-state observable it follows that lim,_,, 2(t) % 0, and hence, (z(t), z.(t)) 3 (0,0) as t —
oo. Now, global asymptotic stability in probability of the negative feedback interconnection

of G and G, follows from the fact that V;(-) and Vi.(-) are, by assumption, radially unbounded.

ii1) Finally, if G and G, are stochastically exponentially dissipative it follows that

LV (z,x.) = LVi(x) + 0LV ()

S _5‘/5(1') - 050‘/sc<xc) + T‘(U, y) + O-Tc(ucy yc)
< —ealz|® - oecacllz.|?
< —min{ea, o | (z, 70 |7, (x,2.) € R" x R,

and hence, it follows from Theorem 3.1 that the negative feedback interconnection of G and

G. is globally exponentially mean square stable in probability. O

The next result presents Lyapunov, asymptotic, and exponential mean square stability

in probability of stochastic dissipative feedback systems with quadratic supply rates.

Theorem 7.8. Let Q € S', S € R>*™ R e S™ Q. € S*, S, € R™! and R, € S\
Consider the closed-loop system consisting of the nonlinear stochastic dynamical systems
G given by (7.33) and (7.34) and G. given by (7.80) and (7.81), and assume G and G, are
zero-state observable. Furthermore, assume G is stochastically dissipative with respect to
the quadratic supply rate r(u, y) = y*Qy+ 2y Su+u' Ru and has a two-times continuously
differentiable, positive definite, and radially unbounded storage function Vi(-), and G. is
stochastically dissipative with respect to the quadratic supply rate 7c(ue, %) = Y2 Qcye +

2yTScue + ur Reue and has a two-times continuously differentiable, positive definite, and
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radially unbounded storage function Vi.(-). Finally, assume there exists o > 0 such that

~a | Q4+oR. —S+0oSt
Q=1 st 165 R+oq. | =V (7.84)

Then the following statements hold:
i) The negative feedback interconnection of G and G, is Lyapunov stable in probability.

i1) If G. is stochastically exponentially dissipative with respect to supply rate 7(uc, yc)
and rank|[G.(u.,0)] = m, u. € R, then the negative feedback interconnection of G and G, is

globally asymptotically stable in probability.

i7i) If G and G, are stochastically exponentially dissipative with respect to supply rates
r(u,y) and rc(uc,y.) and there exist constants «, 3, e, and . > 0 such that (7.82) and
(7.83) hold, then the negative feedback interconnection of G and G. is globally exponentially

mean square stable in probability.

iv) If Q < 0, then the negative feedback interconnection of G and G, is globally asymp-

totically stable in probability.

Proof: Statements i)—iii) are a direct consequence of Theorem 7.7 by noting that

r(t,y) - or(te, ) = [5]@[5}

and hence, r(u,y) + o7rc(uc, ye) < 0.

To show iv) consider the Lyapunov function candidate V(z,z.) = Vi(x) 4+ oVic(e).
Noting that u. = y and y. = —u it follows that the corresponding infinitesimal generator for

the closed-loop system is given by
LV (z,x.) = LVi(x) + 0LV(x)
< r(u,y) + ore(uc, ye)
= y'Qu +2y" Su+u' Ru+ o(y; Qeye + 2y, Seuc + ug Reue)

) T )
- Q[yc]
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S 07 ($7$C) E Rn X Rnc?

which, by Theorem 3.1, implies that the negative feedback interconnection of G and G, is
Lyapunov stable in probability. Next, it follows from [75, Cor. 4.1] that £V (z,z.) 3 0
as t — oo, and note that LV (z,z.) = 0 if and only if (y,y.) = (0,0). Now, since G
and G, are zero-state observable it follows that (x(t),z.(t)) %3 (0,0) as t — oo. Finally,
global asymptotic stability in probability follows from the fact that Vi(-) and Vi.(-) are, by

assumption, radially unbounded, and hence, V(z,z.) — oo as ||(z, z.)|| — oc. O

The following corollary is a direct consequence of Theorem 7.8. For this result note that
if a nonlinear stochastic dynamical system G is stochastic dissipative (respectively, stochastic
exponentially dissipative) with respect to a supply rate 7(u,y) = u'y — euTu — éyTy, where
g,€ > 0, then with k(y) = ky, where k € R is such that k(1 —¢k) < &, r(u,y) = [k(1 — k) —
ElyTy < 0, y # 0. Hence, if G is zero-state observable it follows from Theorem 7.5 that all
storage functions (respectively, exponential storage functions) of G are positive definite. For
the next result, we assume that all storage functions of G and G, are two-times continuously

differentiable.

Corollary 7.4. Consider the closed-loop system consisting of the nonlinear stochastic
dynamical systems G given by (7.33) and (7.34) and G. given by (7.80) and (7.81), and

assume G and G, are zero-state observable. Then the following statements hold:

i) If G is stochastically passive, G. is stochastically exponentially passive, and rank[G(u.,
0)] = m, u. € RY, then the negative feedback interconnection of G and G, is asymptotically

stable in probability.

i1) If G and G, are stochastically exponentially passive with storage functions V;(-) and
Vie(+), respectively, such that (7.82) and (7.83) hold, then the negative feedback intercon-

nection of G and G, is exponentially mean square stable in probability.

i11) If G is stochastically nonexpansive with gain v > 0, G, is stochastically exponentially
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nonexpansive with gain . > 0, rank[G.(u., 0)] = m, u. € R!, and 77, < 1, then the negative

feedback interconnection of G and G, is asymptotically stable in probability.

iv) If G and G. are stochastically exponentially nonexpansive with storage functions V;(-)
and Vi.(-), respectively, such that (7.82) and (7.83) hold, and with gains v > 0 and 7. > 0,
respectively, such that vv. < 1, then the negative feedback interconnection of G and G, is

exponentially mean square stable in probability.

Proof: The proof is a direct consequence of Theorem 7.8. Specifically, ¢) and i) follow
from Theorem 7.8 with Q@ = Q. = 0, S = S. = I,,, and R = R. = 0, whereas iii) and
iv) follow from Theorem 7.8 with Q = —I;, S = 0, R = [, Q. = —1I,, S. = 0, and

R. = vflmc. O

Example 7.3. Consider the controlled damped stochastic Duffing equation given by

dl’l(t) = ZEQ(f)dt, 1’1(0> = 10, t 2 O, (785)
dzy(t) = [—[2 + 23 (#)]a1(t) — cao(t) + u(t)]dt + ozo(t)dw(t), x2(0) %= 299, (7.86)
y(t) = wa(t), (7.87)

where ¢ > 102, Defining = = [z1, )", (7.85)~(7.87) can be written in state space form
(7.33) and (7.34) with f(z) = [za, —(2+22)x; —cxo)T, G(z) = [0, 1T, D(x) =10, oxy)T,
h(z) = x5, and J(z) = 0. With Vi(z) = af + Jat + 323, l(z) = (,/c— %02) 79, and
W(z) = 0, it follows from Corollary 7.2 that (7.85)—(7.87) is stochastically passive. Now,
using Corollary 7.4 we can design a second-order stochastic nonlinear dynamic compen-
sator G. to asymptotically stabilize (7.85) and (7.86) in probability. Specifically, it follows
from i) of Corollary 7.4 that if G. given by (7.80) and (7.81) is exponentially passive with
rank[G.(uc,0)] = 1, then the negative feedback interconnection of G given by (7.85)—(7.87)

and G, is asymptotically stable in probability.
Here, we construct a second-order nonlinear stochastic dynamic compensator G. given by

dﬂ?cl (t) = [J?Cg(t) = Ll (t)]dt, Tl (0) = ZLc10, t Z O, (788)
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a

dzea(t) = [—22 (1) — zea(t) + uc(t)]dt + Lzea(t)dwe(t),  2e2(0) = eno, (7.89)

Ye(t) = wealt). (7.90)

Defining v, = [ze1, @e)?, (7.88)—(7.90) can be written in state space form (7.80) and

(7.81) with fo(we) = [Te2 — Te1, —23) — zea|T, Go(ze) = [0, 1T, De(ze) = [0, 3ze]”,
he(ze) = Tea, and Je(z.) = 0. Note that with Vi(z.) = I + 322, € € (0,%], l(z) =

[(1—2) 22 (a/% — 5) Teo|T, and W(z.) = 0, it follows from Corollary 7.2 and (7.76)—

(7.77) that G. is exponentially passive. Hence, Corollary 7.4 guarantees that the negative
feedback interconnection of G and G, is globally asymptotically stable in probability. Figure

7.1 shows a sample trajectory of the closed-loop system response with initial conditions

[2(0)", 2 (0)T] = [1, 2, 3, 4. A

o T T T T T T T T T

N
T

N
L

X X X X
o o =

States

6 7 8 9 10
Time [s]

Figure 7.1: Closed-loop system response of feedback interconnection of the system G and
dynamic compensator G..
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Chapter 8

Summary and Recommendations
for Future Research

8.1. Summary

In this dissertation, we presented a unified framework for stability, dissipativity, and op-
timality for stochastic nonlinear dynamical systems and control. First, in Chapter 2, we
developed Lyapunov theorems for semistablility of nonlinear stochastic dynamical systems.
In addition, a converse theorem for stochastic semistability was developed using continu-
ous Lyapunov functions. Then, in Chapter 3, an optimal control problem for stochastic
stabilization is stated and sufficient conditions are derived to characterize a stochastic op-
timal nonlinear feedback controller that guarantees asymptotic stability in probability of
the closed-loop system. Specifically, we utilized a steady-state stochastic Hamilton-Jacobi-
Bellman framework to characterize optimal nonlinear feedback controllers with a notion of
optimality that is directly related to a given Lyapunov function guaranteeing stability in
probability of the closed-loop system. This result was then used to develop inverse optimal
feedback controllers for affine nonlinear stochastic systems and linear stochastic systems with

polynomial and multilinear performance criteria.

In Chapter 4, an optimal control problem for partial-state stochastic stabilization is stated
and sufficient conditions are derived to characterize an optimal nonlinear feedback controller

that guarantees asymptotic stability in probability of part of the closed-loop system state.
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Specifically, we utilized a steady-state stochastic Hamilton-Jacobi-Bellman framework to
characterize optimal nonlinear feedback controllers with a notion of optimality that is di-
rectly related to a given Lyapunov function that is positive definite and decrescent with
respect to part of the system state. This result was then used to address optimal linear and
nonlinear regulation for linear and nonlinear time-varying stochastic systems with quadratic
and nonlinear-nonquadratic performance measures. In addition, we developed inverse op-
timal feedback controllers for affine nonlinear systems and linear time-varying stochastic

systems with polynomial and multilinear performance criteria.

In Chapter 5, an optimal control problem for finite-time, partial-state stochastic stabiliza-
tion is stated and sufficient conditions are derived to characterize an optimal nonlinear feed-
back controller that guarantees finite-time stability in probability of part of the closed-loop
system state. Specifically, we utilized a steady-state stochastic Hamilton-Jacobi-Bellman
framework to characterize optimal nonlinear feedback controllers with a notion of optimality
that is directly related to a given Lyapunov function that is positive definite and decres-
cent with respect to part of the system state, and satisfies a differential inequality involving
fractional powers. This result was then used to develop optimal finite-time stabilizing con-
trollers for nonlinear time-varying stochastic systems. In addition, we developed inverse

optimal feedback controllers for affine nonlinear and time-varying stochastic systems.

In Chapter 6, an optimal control strategy for a two-player stochastic differential game
problem is stated and sufficient conditions are derived to characterize the stochastic op-
timal nonlinear feedback control and stopper policies that guarantee asymptotic stability
in probability of the closed-loop system. Specifically, we utilized a steady-state stochas-
tic Hamilton-Jacobi-Isaacs framework to characterize optimal nonlinear feedback strategies
with a notion of optimality that is directly related to a given Lyapunov function guaranteeing
stability in probability of the closed-loop system. This result was then used to develop in-
verse optimal feedback control and stopper policies for affine nonlinear stochastic differential

games-and-linear stochastic.games with polynomial and multilinear performance criteria.
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Finally, in Chapter 7, we extended the notion of dissipativity theory for deterministic
dynamical systems to controlled Markov diffusion processes and showed the utility of the
general concept of dissipation for stochastic systems. Specifically, we provided extended
Kalman—Yakubovich—Popov conditions in terms of the drift and diffusion dynamics for char-
acterizing stochastic dissipativity via two-times continuously differentiable storage functions.
In addition, using the concepts of stochastic dissipativity for stochastic dynamical systems
with appropriate storage functions and supply rates, general stability criteria in probability

for feedback interconnections of stochastic dynamical systems were given.

8.2. Recommendations for Future Research

The semistability theorems presented in Chapter 2 require verifying Lyapunov stability
for concluding stochastic semistability. However, finding the corresponding Lyapunov func-
tion can be a difficult task. To overcome this drawback, we can extend the arc-length-based
tests of [20] to stochastic dynamical systems in order to guarantee semistability by testing a
condition on the system vector field which avoids proving Lyapunov stability. However, since
the sample paths of a stochastic dynamical system may not have an arc-length in the clas-
sical sense—due to lack of differentiability of solutions and unbounded variation of sample
Wiener paths—stochastic integrals involving nondifferentiable curves as the limiting value

of polygonal curves can be used to approximate the arc length of the stochastic system.

Recent technological advances in communications and computation have spurred a broad
interest in control of networks and control over networks. Network systems involve dis-
tributed decision making for coordination of networks of dynamic agents and address a broad
area of applications including cooperative control of unmanned air vehicles, microsatellite
clusters, mobile robotics, battle space management, and congestion control in communica-
tion networks. A key application area of multiagent network coordination within aerospace

systems is cooperative control of unmanned air vehicles for combat, surveillance, and recon-
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naissance; and swarms of air and space vehicle formations for command and control between

heterogeneous air and space vehicles.

In many of the aforementioned applications involving multiagent systems, groups of
agents are required to agree on certain quantities of interest. Distributed control algo-
rithms can be designed to achieve information consensus that guarantee agreement between
agents for a given coordination task. A unique feature of the closed-loop dynamics under
any control algorithm that achieves consensus in a dynamical network is the existence of a
continuum of equilibria representing a state of consensus [53,54]. Under such dynamics, the
limiting consensus state achieved is not determined completely by the dynamics, but depends
on the initial system state as well. From a practical viewpoint, it is not sufficient to only
guarantee that a network converges to a state of consensus since steady state convergence
is not sufficient to guarantee that small perturbations from the limiting state will lead to
only small transient excursions from a state of consensus. It is also necessary to guarantee
that the equilibrium states representing consensus are Lyapunov stable, and consequently,

semistable.

The stochastic semistability framework developed in Chapter 2 can be extended to de-
sign consensus controllers for multiagent systems with nonlinear stochastic dynamics under
distributed nonlinear consensus protocols. In particular, the results in Chapter 2 can be
used as an underpinning for deriving convergence conditions for agreement problems of mul-
tiple agents with nonlinear stochastic dynamics over random networks and under nonlinear

consensus protocols.

In spite of the appealing nature of the classical stochastic Hamilton-Jacobi-Bellman the-
ory, its current state of development entails limitations in addressing the design of static
and dynamic output-feedback compensators. In contrast, the simplified and tutorial expo-
sition of the stochastic optimal control framework presented in Chapter 3 can potentially

be used to develop a fized-structure stochastic Hamilton-Jacobi-Bellman theory in which
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one can prespecify the structure of the feedback law with respect to, for example, the order
of nonlinearities appearing in the dynamic compensator. The actual gain maps can then
be determined by solving algebraic relations in much the same way full-state feedback con-
trollers can be obtained. In this case, the structure of the nonlinear-nonquadratic Lyapunov
function, nonlinear-nonquadratic cost functional, and nonlinear feedback controller can be

fixed while the performance can be optimized with respect to the controller gains.

To demonstrate how fixed-structure stochastic Hamilton-Jacobi-Bellman synthesis can
be performed assume that A (which can denote a closed-loop system) is Hurwitz, let P be
given by (3.21), and consider the case where D(z) = xo' and L(x), f(z), and V(z) are
given by (3.24). To satisfy (3.11) we require that (3.26) holds. Equation (3.26) is the basic
constraint that must be satisfied by the closed-loop system in order for J(xg) to be given by

(3.12).

Now, for the simplicity of exposition, consider the linear controlled dynamical system

with multiplicative noise given by

da(t) = [Az(t) + Bu(t)]dt + z(t)o dw(t), z(0) = 29, t>0, (8.1)
y(t) = Cx(t), (8.2)
and constrain the output feedback control law to be given by u = ¢(y), where ¢(-) is a finitely

parameterized control law (e.g., linear plus cubic plus quintic). Then the closed-loop system

takes the form
da(t) = (Ax(t) + Bo(Cz(t)))dt + x(t)oTdw(t), x(0) = zo, t >0, (8.3)

which has the form of (2.2) with f(z) given in (3.24). Minimizing J(x¢) given by (3.12)
subject to (3.26) now reduces to a system of algebraic relations in the coefficients of the
different powers of x. Hence, the proposed framework allows for the synthesis of fixed-

structure static and dynamic output-feedback controllers.

Since multiagent.network systems can involve information laws governed by nodal dy-
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namics and rerouting strategies that can be modified to minimize waiting times and op-
timize system throughput, optimality considerations in network systems is of paramount
importance. Hence, another key extension to the optimal Hamilton-Jacobi-Bellman theory
developed in Chapter 3 is the design of semistabilizing optimal controllers involving con-
trolled dynamical systems with a continuum of equilibria. This will allow for the design of

optimal consensus controllers for multiagent networks.

The framework developed in Chapter 3 can also be extended to addressing system ro-
bustness to account for changing system parameters. Specifically, a stochastic multiplicative
uncertainty model can be used to include modeling of a priori uncertainty in the nonlinear
system dynamics. The philosophy of representing uncertain parameters by means of multi-
plicative white noise is motivated by the Maximum Entropy Principle of Jaynes [59,60] and

statistical analysis [73].

An important extension of the results presented in Chapters 4 is the consideration of
optimal partial-state semistabilization. Specifically, optimal partial-state semistabilization
as well as finite-time semistabilization is of paramount importance for developing optimal
finite-time consensus protocols for addressing finite-time agreement in network systems. Al-
ternatively, in large-scale networks it might be desirable that partial-state synchronization

or consensus is sought.

The framework developed in Chapter 5 yields finite interval controllers even though
the original cost criterion is defined on the infinite horizon. Hence, one advantage of this
approach for certain applications is to obtain finite-interval controllers without the computa-
tional complexities of two-point boundary value problems. If the order of the subquadratic
state terms appearing in the cost functional is sufficiently small, then the controllers ac-
tually optimize a minimum-time cost criterion. Optimal finite-time controllers are usually
obtainable using the maximum principle, which generally does not yield feedback controllers.

Extensions of the framework developed in Chapter 5 for exploring connections between opti-
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mal finite-time stabilization and the classical time-optimal control problem are an important

area, of research.

The proposed framework can allow us to further explore connections with inverse optimal
control, wherein we parametrize a family of finite-time stabilizing sublinear controllers that
minimize a derived cost functional involving subquadratic terms. Subquadratic performance
criteria have been studied in [50,93,94] and have been shown to permit a unified treatment
of a broad range of design goals. In addition, as shown in [17] there exist finite-time stable
dynamical systems that do not admit smooth Lyapunov functions, and hence, a particu-
larly important extension is the consideration of continuous Lyapunov functions leading to
viscosity solutions [31] or, equivalently, a proximal analysis formalism [30], of the resulting

stochastic Hamilton-Jacobi-Bellman equations arising in Theorems 5.4 and 5.5.

Finally, the stochastic dissipativity framework developed in Chapter 7 can be extended
to explore connections between stochastic dissipativity and stochastic optimal control to
address robust stability and robust stabilization problems involving both stochastic and
deterministic uncertainty as well as both averaged and worst-case performance criteria. Fur-
thermore, the framework can be used to extend notions from system thermodynamics [47]
to develop a stochastic thermodynamic framework for addressing consensus problems for
nonlinear multiagent dynamical systems with fixed and switching topologies. Specifically,
distributed nonlinear static and dynamic controller architectures for multiagent coordina-
tion can be developed that are predicated on system thermodynamic notions resulting in
controller architectures involving the exchange of information between agents over random
networks that guarantee that the closed-loop dynamical network is consistent with basic
stochastic thermodynamic principles. In addition, stochastic dissipativity in the setting of
behavioral system [109,110], where the system storage can be introduced as a latent variable

associated with a supply rate that is a manifest variable, can also be explored.
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